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(iii) 
ABSTRACT 
In this thesis we investigate the structural properties of 
certain classes of soluble groups satisfying the minimal condition 
for normal subgroups (which we abbreviate to Min-n ), and we 
describe a technique for constructing a number of examples which 
illustrate some of the difficulties of obtaining a general theory for 
such groups. The impetus for these investigations was provided by 
work on metabelian groups satisfying Min-n published recently in a 
paper by McDougall [24] and in a subsequent paper by Hartley and 
McDougall [12]. 
Our first results are concerned with the class of metanilpotent 
groups satisfying Min-n . We show that much of the structure theory 
for metabelian groups satisfying Min-n developed in McDougall's 
paper can be carried over to the groups in this class. In particular 
we prove analogues of McDougall's results concerning Sylow subgroups 
and investigate conditions under which metanilpotent groups satisfy-
ing Min-n will split over their derived groups. We also describe 
a number of specific examples of metanilpotent groups satisfying 
Min-n to indicate the scope of these results. 
For our next results we make use of the concept of a twisted 
wreath product to obtain a new description for certain types of 
metabelian groups satisfying Min-n . We show that by using this 
concept it is possible to describe the structure of a large class of 
metabelian groups satisfying Min-n in terms of the structure of 
certain subgroups which satisfy the stronger minimal condition for 
all subgroups (abbreviated to Min ). In particular we obtain an 
alternative description in terms of twisted wreath products for some 
well-known examples due to Carin [3] of metabelian groups which 
(iv) 
satisfy Min-n but not Min , 
In our final chapter we use a particular type of twisted wreath 
product introduced by Heineken and Wilson [13] for the construction 
of a number of examples of groups satisfying Min-n . These examples 
demonstrate, among other things, that the methods used for establish-
ing our results on metanilpotent groups satisfying Min-n cannot be 
extended to give analogous results for the more general class of 
soluble groups of derived length three satisfying Min-n . In fact 
the examples even satisfy a rather stronger condition than Min-n , 
since in each one the normal subgroups form a well-ordered ascending 
chain. We then apply the same construction to exhibit examples of 
perfect locally soluble groups whose normal subgroups form well-
ordered chains. The first example of a group of this type was 
constructed by McLain [26]; however, our method enables us to 
construct a large class of groups with these properties, containing 
in particular uncountably many pairwise non-isomorphic periodic 
Hopfian groups. 
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CHAPTER ONE 
INTRODUCTION 
During the l as t f i f t y years much research has been done into the 
structure o f a lgebraic systems s a t i s f y i n g various f in i t eness 
cond i t i ons , in par t i cu lar the 'chain condi t ions ' f i r s t studied in 
d e t a i l by Emmy Noether in the nineteen-twenties. Probably the most 
important resul ts are to be found in the theory o f r i n g s , where 
Wedderburn's theory of semi-simple artinian rings provides a s t r ik ing 
example o f the far -reaching consequences that such conditions may 
have. However much progress has also been made in the study of the 
e f f e c t s o f chain conditions on the structure of groups, espec ia l ly 
in the cases of so luble and n i lpotent groups. 
In p a r t i c u l a r , K.A. Hirsch, in a ser ies o f papers ( [ 1 4 ] - [ 1 8 ] ) in 
the years 1938-1954, i n i t i a t e d a study o f so luble groups s a t i s f y i n g 
the maximal condition f o r subgroups. He showed that many resu l t s 
previously known to be true f o r f i n i t e soluble groups could be 
extended t o the groups in this wider c lass . Subsequent work of 
Mal'cev [23] and others led to a number of remarkable resul ts 
concerning groups sa t i s f y ing the maximal condition f o r subgroups and 
other re lated f in i t eness condit ions . These resul ts a lso re ly strongly 
on the groups involved being so lub le , or at least sa t i s f y ing one of 
the generalized versions of s o l u b i l i t y and ni lpotency introduced by 
KuroS and Cernikov [21 ] . 
The minimal condit ion f o r subgroups (which we henceforth 
abbreviate to Min ) and other c l o se ly re lated f in i t eness condit ions 
have a lso received a good deal of attent ion. In the case of so luble 
groups, a fundamental resu l t i s the theorem of Cernikov [ 4 ] showing 
that every so lub le group s a t i s f y i n g Min has an abelian normal sub-
group of f i n i t e index. Since i t i s poss ib le t o give a complete 
character i zat ion o f abelian groups s a t i s f y i n g Min , th is theorem 
gives a use fu l descr ip t i on which e s s e n t i a l l y reduces the study of 
so lub le groups s a t i s f y i n g Min to the study of f i n i t e so luble 
groups. 
The maximal and minimal condit ions f o r normal subgroups ( f o r 
which we use the usual abbreviations Max-n and Min-n r e s p e c t i v e l y ) 
are much weaker f i n i t e n e s s cond i t i ons , as they are s a t i s f i e d , f o r 
example, by every simple group. In a well-known ser i es of papers 
( [ 9 ] - [ l l ] ) , Phi l ip Hall proved a number of varied resu l t s concerning 
the propert ies of f i n i t e l y generated so luble groups. These groups 
form a c lass s t r i c t l y containing the c lass of so luble groups 
s a t i s f y i n g Max-n , as i s shown in the f i r s t paper of the s e r i e s . 
Since the appearance o f these papers, several other papers have 
appeared dealing with propert ies of f i n i t e l y generated so luble groups, 
and many of the questions ra ised by Hall have now been answered. 
However so lub le groups s a t i s f y i n g Min-n have not been the subject 
o f many papers , and there i s r e l a t i v e l y l i t t l e known about these 
groups, 
In th i s thes is our aim i s to f o l l ow up some recent work on 
so lub le groups s a t i s f y i n g Min-n which may be found in a paper by 
McDougall [ 2 4 ] and in a subsequent j o i n t paper by Hartley and 
McDougall [ 1 2 ] . The r e s u l t s we have obtained form the subject matter 
of Chapters 3 , 4 and 5 , while Chapter 2 i s devoted to a review o f the 
b a s i c concepts needed in l a t e r chapters , e s tab l i sh ing notat ion and 
terminology and providing some background material f o r those concepts 
which are not completely standard. 
Before descr ib ing the contents o f Chapters 3 , 4 and 5 we f i r s t 
outl ine some of the more important results which may be found in the 
l i terature concerning soluble groups sat i s fy ing Min-n . 
One of the most important facts knovm about soluble groups 
sat i s fy ing Min-n i s that these groups are l o c a l l y f i n i t e . This was 
established by Baer [2 ] in 1964. An example constructed by McLain 
[26] in 19 59 shows that l o c a l l y soluble groups sat is fy ing Min-n 
need not be so luble . However i t has only very recently been shown 
by Heineken and Wilson [13] (as yet unpublished) that l o c a l l y soluble 
groups sat i s fy ing Min-n ,, can f a i l to be l o c a l l y f i n i t e . Indeed 
Heineken and Wilson describe a method f o r constructing uncountably 
many pairwise non-isomorphic t o rs ion - f ree l o c a l l y soluble groups 
sat i s fy ing Min-n . 
Another important, and easi ly proved, fact is that f o r nilpotent 
groups the condition Min-n is equivalent to Min . Moreover a 
result due to Baer [ 1 ] shows that the centre of a ni lpotent group 
sat i s fy ing Min^ .^has f i n i t e index. The f i r s t examples of soluble 
groups sat i s fy ing Min-n but not Min were constructed by Sarin [ 3 ] 
in 1949. These groups are metabelian, each one being an extension of 
an elementary abelian p-group by a quas icyc l i c q'-group, f o r 
d is t inct primes p and q , and they have no proper subgroups of 
f i n i t e index. 
McDougall's paper [24] is ch ie f ly concerned.with properties of 
metabelian groups sat i s fy ing Min-n . McDougall shows, by means of a 
useful result due to Wilson [37 ] , that every soluble group sa t i s fy ing 
Min-n is a f i n i t e extension of a quasi-radicable group sat i s fy ing 
Min-n . (A group,..is quasi-radioable i f i t is generated by the n-th 
powers of i t s elements f o r each pos i t ive integer n . ) He then 
proves that the Sylow p-subgroups ( i . e . maximal p-subgroups) of a 
quasi-radicable metabelian group sat is fy ing Min-n are abel ian, f o r 
each prime p , and that such a group s p l i t s over i t s derived group. 
Moreover, he proves that every metabelian group sat is fy ing Min-n is 
countable, and that every group which occurs as a subgroup of a 
metabelian group sat i s fy ing Min-?^ has a unique conjugacy class of 
Sylow TT-subgroups ( i . e . maximal TT-subgroups) f o r every set TT of 
primes. 
In Chapter 3 we prove some results analogous to these f o r the 
class of metanilpotent groups sat i s fy ing Min-n . By one of the 
facts quoted above, every group in this class has a quasi-radicable 
subgroup of f i n i t e index which also s a t i s f i e s Min-n . This 
subgroup is in fact nilpotent—by—abelian, since periodic quasi— 
radicable ni lpotent groups are always abelian (see Corollary 3 .26) . 
We generalize the f i r s t o f McDougall's results mentioned above by 
showing (Theorem 3.34) that the Sylow p-subgroups of a quasi-
radi cable ni lpotent-by-abel ian group G sat i s fy ing Min-n are 
n i lpotent , f o r each prime p , and that their nilpotency class i s 
bounded by the class of the derived group G' . In fact we show that 
each Sylow p-s.ubgroup of G is a central product of a Sylow 
p-subgroup of G' and an abelian group. We have also indicated, in 
passing, how these properties may be established for the Sylow 
p-subgroups corresponding to a s p e c i f i c prime p when the condition 
Min-n is replaced by a weaker condition which we have cal led 
p-Min-n . 
We next turn to proving an analogue of McDougall's theorem that 
every quasi-radicable metabelian group sat is fy ing Min-n s p l i t s over 
i t s derived group. It is not possible to prove a d irect analogue of 
this r e s u l t , even in the case of centre-by-metabelian groups, as is 
shown by an example in McDougall's paper. Nevertheless we have 
proved that a part ia l analogue is true f o r a l l quasi-radicable 
nilpotent-by-abel ian groups sat i s fy ing Min-n (Theorem 3.43) . The 
d i f ference i s , roughly speaking, that one needs to allow f o r the 
p o s s i b i l i t y of forming certain central products which may destroy 
the s p l i t t i n g property. In part i cu lar , our result implies that the 
d i rec t ly analogous result i s val id whenever the centre of the group 
in question intersects the derived group t r i v i a l l y . 
The other two results of McDougall mentioned above can both be 
extended without modification to the class of metanilpotent groups 
sat is fy ing Min-n . The countabi l i ty of the groups in this class 
fol lows from McDougall's result by a straightforward argument 
(Theorem 3 .52 ) , whereas the result concerning the conjugacy of Sylow 
TT-subgroups fol lows immediately from Lemma 4.2 of Hartley and 
McDougall [12 ] . 
We c lose Chapter 3 by describing some s p e c i f i c examples of 
quasi-radicable ni lpotent-by-abel ian groups sat is fy ing Min-n which 
show that this class of groups is rea l ly larger than the class of 
quasi-radicable metabelian groups sat is fy ing Min-n . These examples 
show that there is no bound for the nilpotency class o f the derived 
group of a group in the former c lass . They also establish incidental ly 
that there i s no bound f o r the derived length of a quasi-radicable 
soluble group sat is fy ing Min-n , a fac t established by a d i f f e rent 
method in McDougall's paper. These facts should be compared with the 
s i tuation f o r soluble groups sat i s fy ing Min, where one can deduce 
immediately from the theorem of Cernikov mentioned ear l i e r 
that every quasi-radicable soluble group sat is fy ing Min is abelian. 
We construct further examples of quasi-radicable soluble groups 
sat i s fy ing Min-n with arbitt-arily large derived lengths in Chapter 
5. 
The results in Chapter U are ultimately based on work whose 
or ig ina l aim was to analyse the structure of the groups of Carin 
mentioned e a r l i e r , and to re late these groups to wreath products. 
Phil ip Hall showed in [ 9 ] that i t i s possible to obtain simple 
examples of soluble groups sat i s fy ing Max-n but not Max by 
forming wreath products of soluble groups sat is fy ing Max ( i . e . 
p o l y c y c l i c groups). Unfortunately the analogous procedure of forming 
wreath products of soluble groups sat i s fy ing Min does not , in 
general , produce groups sat is fy ing Min-n . Indeed i t is not hard to 
show that the groups constructed in this way w i l l sa t i s fy Min-n 
only i f they actually sa t i s f y Min (see Lemma 2.M-2). Nevertheless 
i t turned out from our analysis of Sarin's groups, and la ter of other 
more general examples of quasi-radicable metabelian groups sat i s fy ing 
Min-n , that these groups were in fact bu i l t up from groups sat i s fy ing 
Min in a d i f f e rent way, by a process of embedding certain metabelian 
groups sat i s fy ing Min into twisted wreath products. Moreover we 
were subsequently able to use these ideas to give a description f o r an 
arbitrary quasi-radicable metabelian group sat is fy ing Min-n in terms 
of twisted wreath products and subgroups sat is fy ing Min , although 
the description is rather more complicated in the general case. 
The whole of Chapter 4 i s taken up with obtaining a general 
description of this type f o r an arbitrary quasi-radicable metabelian 
group sat i s fy ing Min-n . The proof depends on an analysis of the 
systems of imprimitivity of certain modules, and we begin by 
discussing the concept of a system of imprimitivity and indicating 
i t s connection with twisted wreath products. For our analysis of the 
modules we re ly heavily on results from the paper by Hartley and 
McDougall [ 12 ] , which develops McDougall's work on metabelian groups 
sa t i s fy ing Min-n a good deal further . This paper includes a 
classification of quasi-radicable metabelian groups satisfying Min-n 
in terms of certain irreducible modules for abelian groups, and it is 
these modules which we need to study in detail. 
The indications of Chapter 4 are that the notion of a twisted 
wreath product is an important one for the study of soluble groups 
satisfying Min-n . This idea is reinforced in Chapter 5 where we 
make use of a special type of twisted wreath product for constructing 
further examples of groups satisfying Min-n . 
Our principal aim in Chapter 5 is to construct examples of 
quasi-radicable soluble groups satisfying Min-n which lie outside 
the class of metanilpotent groups. The ideas behind the methods we 
employ are essentially those used by McLain [26] for the construction 
of the example mentioned earlier of a locally soluble group which 
satisfies Min-n but is not soluble. McLain's example is constructed 
using a certain tower of finite soluble groups, in each of which the 
only normal subgroups are the terms of the derived series and the only 
non-trivial central factor is the factor-group by the derived group. 
We make use of these finite soluble groups to construct the examples 
we require in the following way. 
We first form the wreath product of any one of these groups, say 
A , with a quasicyclic group. Then we describe a method for embedding 
the resulting group into a group G such that G/G" is isomorphic 
to one of Sarin's groups. This is done in such a way that the only 
normal subgroups of G below G" are the normal closures of the 
terms of the derived series of A . It then follows easily that G 
is a quasi-radicable soluble group satisfying Min-n whose derived 
length exceeds that of A by two. Since McLain's tower of finite 
soluble groups contains soluble groups of arbitrarily large derived 
l engths , we thus obtain examples o f quas i - radicable so luble groups 
s a t i s f y i n g Min-n o f a r b i t r a r i l y large derived lengths . Unlike the 
examples we construct in Chapter 3 these groups are not metanilpotent 
(except in the case A = 1 ) i n f a c t the derived se r i e s o f each o f 
the groups co inc ides with the lower n i lpotent s e r i e s , so we have 
groups o f a r b i t r a r i l y large n i lpotent lengths. Using th i s construct ion 
i t i s easy to produce examples o f quas i - radicable so luble groups o f 
derived length 3 with Sylow p-subgroups which are not even 
hypercentral . Thus the resu l t s o f Chapter 3 concerning the ni lpotency 
o f Sylow p-subgroups cannot be extended t o arbitrary quasi - radicable 
so lub le groups o f derived length 3 s a t i s f y i n g Min-n . 
Rather than r e s t r i c t i n g ourselves to using the tower of f i n i t e 
so luble groups constructed by McLain, we have shown how to construct 
d i f f e r e n t towers o f f i n i t e so luble groups with the propert ies 
described above. The ex istence of these also enables us to construct 
more groups with the propert ies o f McLain's group: thus we es tab l i sh 
as a by-product the (perhaps not very surpr is ing) f a c t that McLain's 
group i s not unique but one of a whole c lass o f groups with s imi lar 
p roper t i e s . In fa c t we can e a s i l y prove in th is way the ex istence of 
2 ° pairwise non-isomorphic groups having propert ies s imi lar to 
McLain's. 
The presentation of the resu l t s in Chapter 5 has been 
subs tant ia l l y inf luenced by the ideas in the paper o f Heineken and 
Wilson [ 1 3 ] r e f e r r e d t o e a r l i e r , and we are much indebted to these 
authors f o r providing a preprint o f the i r paper. In p a r t i c u l a r we 
have made use o f the treble product, introduced in th i s paper, f o r 
the formulation o f our r e s u l t s . Although th is i s a s p e c i a l case o f 
the twisted wreath product , we have found that the notat ion employed 
enables us to express the ideas involved in the construction more 
c lear ly than was possible f o r our or ig inal formulation using twisted 
wreath products. Also we have been able to simpli fy the proof of one 
of our key lemmas (Lemma 5.11) by combining our ideas with those used 
by Heineken and Wilson f o r the proof of one of the ir lemmas. 
NOTE. We use the symbol • to indicate the end of a proof . 
This symbol i s also placed immediately a f ter the statement of any 
result f o r which no proof i s included. 
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CHAPTER TWO 
PRELIMINARIES 
In this chapter we summarize the background material that we 
shall use in later chapters, often without specific references. The 
first section is devoted to notation and terminology; here we also 
record some fundamental facts of infinite group theory that we shall 
assume. 
2.1 Notation and Terminology 
Subgroups. Let G be a group. We use the following notation 
throughout: 
H S G H is a subgroup of G 
H < G H is a normal subgroup of G 
iX) the subgroup of G generated by the set X 
(with the usual convention concerning omission 
of braces) 
(H-^  : X € A> the join of the subgroups H-^  (X ^ A) ; i.e., 
the subgroup generated by U ^^ . 
xa 
If 7T is a set of primes then a Tt-subgroup of G is a subgroup 
whose elements have finite orders divisible only by the primes in 7T . 
A Sytoh) "n-subgroup of G is a maximal 7T-subgroup of G : the 
existence of such subgroups is guaranteed by Zorn's Lemma (which we 
assume throughout). When TT consists of a single prime p then the 
terms p-subgroup and Sylcw p-subgroup are used. As usual we use 
IT' and p' for the sets of primes complementary to IT and {p} 
respectively. We use 1 to denote the unit subgroup of any multiplicative 
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group, as wel l as the i d e n t i t y element. 
Conjugates and Conunutators. I f a? and y are elements of a 
group G then we wr i te as u sua l 
[cc, zy] = , 
and f o r elements • • • , ^^ (where n > 2 ) we de f ine r e c u r s i v e l y 
S i m i l a r l y f o r s u b s e t s Z, Y of G we wr i t e 
X^ = : X ^ X, y ^ Y) , 
LX, = ( I x , y2 : X € X, y ^ Y> , 
and f o r s u b s e t s . . . , (where n > 2 ) we d e f i n e r e c u r s i v e l y 
/ l ' Z j = [ [Z^, Z ^ J , . 
The terms of the lower central series of G are de f ined 
f o r each o r d i n a l a > 0 by 
= ^ a i s a s u c c e s s o r o r d i n a l , 
Y^(i^) = n Yo(G) when a i s a l i m i t o r d i n a l . 
3<a ^ 
The centre of a group G i s denoted by and the terms 
of the ypper central series of G a re def ined f o r each 
o r d i n a l a by 
= 1 , 
= when a i s a s u c c e s s o r o r d i n a l , 
^AG) - U when a i s a l i m i t o r d i n a l . 
^^  3<a ^ 
For some o r d i n a l a we have = ? iG) and we c a l l t h i s u. ot+j. 
12 
subgroup ^AG) the hyperaentre of G . 
06 
(a) 
The terms G of the derived series of G are defined for 
each ordinal a by 
(a) _ r (a-i) (a-lh , . 
- [y J ^ J when a IS a successor ordinal, 
^ - II Cr when a is a limit ordinal. 
6<a 
We also write G' = G^^^ = y^iG) for the derived group of G . 
If H 
is any subgroup of a group G then we denote the 
oentralizer G of H and the normalizer in G of H by 
C^(^) - {g i G : I g , h-] ^ 1 for all h i H} , 
N^(^) = [g i G i E for all h ^ H] , 
respectively. 
Generalized Solubility and Nilpotencyo We shall not go into all 
the various generalizations of solubility and nilpotency which may be 
found for example in Kurosh [20] or Robinson [33]. Here we record 
only the definitions of the terms we shall actually use and some 
fundamental results which we assume. We take for granted the 
definitions and basic properties of soliible and nilpotent groups. 
2.11 DEFINITION. A group is hyperaentral (or a ZA-group) if 
it coincides with its hypercentre. 
2.12 DEFINITION. A group is locally soluble (resp. locally 
nilpotent) if every finitely generated subgroup is soluble (resp. 
nilpotent). 
The basic facts which we shall need concerning these concepts 
may be summarized in the following theorem. 
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2.13 THEOREM, 
(i) (Mal'cev) Every hyperoentral group is loaalty nilpotent. 
Hi) (Hirsch-Plotkin) In any group the product of the looally 
nilpotent normal subgroups is loaally nilpotent. • 
Proofs of these facts may be found, for example, in Schenkman 
[ 3 5 ] , pp . 2 0 4 - 2 0 5 . 
2.14 DEFINITIONo Let G be a group. The Hirsoh-Plotkin 
radical of G is the product of the locally nilpotent normal 
subgroups of G , and is denoted by p((?) . 
The Hirsch-Plotkin radical is thus the unique maximal locally 
nilpotent normal subgroup of a group, by Theorem 2.13 (ii). 
Series. We shall not need the most general types of (trans-
finite) series for groups as defined in Kurosh [20] and Robinson [33]. 
Again we give the definitions only for the concepts we shall actually use. 
2.15 DEFINITIONo Let G be a group and p an ordinal number. 
An ascending normal series in G of type p is a set 
S = {G^ : a 5 p; 
of normal subgroups of G satisfying 
(i) " ^ '^p " ^ ' 
(ii) G < G^ whenever a 5 g 5 p , ot p 
(iii) (5 = U Gf. for all limit ordinals a 5 p . 
3<a ^ 
If in addition S satisfies 
(iv) ^^ ^ minimal normal subgroup of j 
for all a < p , 
then S is called an ascending chief series of G . More generally, 
if H and K are normal subgroups of G with H < K , then an 
14 
ascending G-ohief series from H to K i s a set 
5 = {G : a 5 p} 
of normal subgroups o f G s a t i s f y i n g ( i i ) , ^ ( i i i ) and ,(iv) such that 
GQ = H and G^ = K . 
An ascending 
centraZ series i s an ascending normal ser ies 
= : a 5 p; 
with the property that 
f o r a l l a < p . 
We should point out that our terminology fo l lows that of 
Robinson [33] but is at variance with that of Kurosh [20] who uses 
the term ascending normal series in a d i f f e r e n t sense. 
2 . 2 Groups s a t i s f y i n g minimal c o n d i t i o n s 
2 . 2 1 DEFINITION. Let G be a group admitting a set o f 
operators . We say that G s a t i s f i e s the minimal condition for 
^-subgroups i f 
every non-empty set of f^-subgroups of G has a 
minimal element (under the par t ia l ordering of s e t - t h e o r e t i c 
i n c l u s i o n ) . 
This condit ion i s equivalent to the requirement that every 
descending chain 
of f^-siibgroups should have only a f i n i t e number of s t r i c t inc lus ions . 
The cases of in teres t to us are 
( i ) fi i s empty: here every subgroup is an fi-subgroup and we 
s ^ that. G s a t i s f i e s the minimal condition for subgroups. 
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( i i ) is the group Inn G of inner automorphisms of G : 
here the rj-subgroups are just the normal subgroups and we say that 
G s a t i s f i e s the minimal oanditian for normal subgroups, 
( i i i ) is the group Aut G of a l l automorphisms^, of G : 
here the f2-subgroups are just the characterist ic subgroups and we 
say that G s a t i s f i e s the minimal Qonditicn for oharaateristic 
subgroups. 
( i v ) G is a normal subgroup of some group A and is the 
group of automorphisms induced on G by the inner automorphisms of 
A : here the ^^-subgroups are the normal subgroups of A contained 
in G and we say that G sa t i s f i e s the minimal condition for 
A-invariant subgroups. 
Henceforth we shall abbreviate these four conditions to 
Min, Min-n, Min-c, Min-4 
respect ive ly . 
Of these the condition Min-n is of course the most important 
to us. 
The most elementary properties of groups sat is fy ing Min-n are 
summarized in the lemmas below. We omit the proofs since the results 
are easy consequences of the de f in i t ions. 
2.22 LEMMAo Let G be a group and N a normal subgroup, 
(i) If G satisfies Min-n then G/E satisfies Min-n . 
(ii) If G satisfies Min-n then N satisfies Min-c? . 
(iii) If N satisfies Min-G and G/N satisfies Min-n then 
G satisfies Min-n . • 
2.23 LEMMAo If the group G is a direct product 
= Dr G. 
xa ^ 
then G satisfies Min-n if and only if 
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(i) eaoh diveot faotor G^ satisfies Min-n ^ and 
(ii) all but a finite number of the direct factors G. are 
A 
trivial. • 
2.24 LEMMA. Let G be a group satisfying Min-n and let H 
and K be normal subgroups with H < K . Then there is an ascending 
G-chief series from H to K . • 
Although Lemma 2.22 shows that the property Min-n is inherited 
by homomorphic images, it is not true that a subgroup of a group 
satisfying Min-n need inherit the property Min-n as we may show 
easily by the following example. 
2.25 EXAMPLE, Let G be the alternating group (group of even 
finitary permutations) on the set of natural numbers. It is well-
known that G is simple, and so certainly satisfies Min-n . 
However, the subgroup H defined by 
^^  = < (1 2 3), (4 5 6), (7 8 9),.,.) 
is clearly a direct product of an infinite number of cyclic groups of 
order 3 and therefore fails to satisfy Min-n by Lemma 2.23. 
2.3 Quasi-radicability 
A group G is said to be radioable (or complete) if it is 
always possible to extract roots within G : that is, if for every 
element g ^ G and every positive integer n there is an element 
a i G such that cT" = g . In the theory of abelian groups, where 
additive notation is usually used, this property is referred to as 
divisibility and divisible abelian groups are well-known. 
For our purposes the following related property is more useful. 
2,31 DEFINITIONo Let G be a group and for each positive integer 
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n , write 
(P = {J" : g ^ G) . 
The group G i s said to be quasi-vadiodble (or semi-radiQoble or 
Cemikov complete) i f G = (f" f o r every n > 0 . 
It i s c lear that q u a s i - r a d i c a b i l i t y is inherited by homomorphic 
images, and that every group generated by quasi -radicable subgroups 
i s i t s e l f quas i - rad icab le . 
The concept o f q u a s i - r a d i c a b i l i t y can be generalized in the 
fo l l owing natural way. 
2.32 DEFINITION. Let IT be a set of primes. A group G i s 
said to be •n-quasi-radiodble i f G = (P f o r every iT-number n . 
( I f 7T = {p} then we use the term p-quasi-radicable.) 
A concept c l o s e l y re lated to quas i - rad i cab i l i t y is that of being 
^-perfect. Here £ denotes the c lass of f i n i t e groups and we use 
the term ' ^ - p e r f e c t ' as a spec ia l case of the fo l l owing . 
2.33 DEFINITION. Let X be a c lass o f groups, A group G i s 
said to be X-perfeat i f no n o n - t r i v i a l homomorphic image of G 
belongs to X . 
Thus a group i s ^ - p e r f e c t i f and only i f i t has no proper normal 
subgroups of f i n i t e index. Since every subgroup of f i n i t e index in a 
group contains a normal subgroup of f i n i t e index, an ^ - p e r f e c t group 
has a lso no proper subgroups of f i n i t e index. 
The c lose re lat ionship between these concepts f o r soluble groups 
i s shown by the fo l lowing lemma. 
2.34 LEMMAo Let G be a soluble group. The following ave 
equivalent: 
(1) G is F-perfeatj 
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(2) GIG' is radiaable, 
(3) G is quasi-vadioable. 
Proof. (1) (2): Assume G is F-perfect. Every homomorphic 
image of G/G' is a homomorphic image of G ; therefore G/G' is 
F-perfect. Since a non-trivial abelian group of finite exponent 
always has a non-trivial finite direct summand, it follows that G/G' 
is radicable, 
(2) (3): Assume GIG' is radicable and let n be a positive 
integer. Then 
GIG' = {GIG'f- = (f-G'IG' 
so 
G = (f^G' , 
Hence 
gk/" -- (f-G' KT- -- (g/G^)' , 
As Gld^ is soluble, this implies that G - G^ . Therefore G is 
quasi-radicable. 
(3) (1): Assume G is quasi-radicableo If G had a proper 
normal subgroup N of finite index n , then we should have 
( f ^ N < G , 
contradicting the quasi-radicability of G . Therefore G is F^ -
perfect. ^ 
NOTE: The equivalence of (1) and (3) for hypercentral groups is 
proved in Kurosh [20], p. 234: however the argument given there 
applies equally well to arbitrary soluble groups. The equivalence of 
(2) and (3) is apparently a result of GluSkov [8], 
The relevance of the ideas of this section to the study of 
groups satisfying Min-n is shown by the following result. 
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2,35 LEMMAo Let G be a group satisfying Min-n . Then G 
has a mique normal ^-perfeat subgroicp of finite index. 
Proof. As G satisfies Min-n there is a normal subgroup N 
of G minimal among the normal subgroups of finite index. Since the 
intersection of two subgroups of finite index is a subgroup of finite 
index, N is uniquely determined by this property. 
Any subgroup M of N having finite index in N also has 
finite index in G and so contains a normal subgroup of G having 
finite index in G . But this implies that M = N . Hence N is 
F^-perfect, • 
2,4 Group-theoretical Constructions 
We shall make use of a number of group-theoretical constructions 
u 
in later chapters. Here we give a brief review of those that will 
occur, beginning with the familiar direct product, for which we need 
only establish our notation, and proceeding eventually to the twisted 
wreath product and the treble product, a construction only recently 
introduced in work of Heineken and Wilson (as yet unpublished). In 
the latter cases we give more detailed definitions, owing to the less 
familiar nature of the constructions. 
In each case we may view the construction as a "bethod for 
producing a new group from a given set of groups, such that the new 
group contains subgroups which are isomorphic to the given groups 
and are related to one another in some specified way. Often it is 
convenient to be able to identify the given groups with 
corresponding subgroups of the group constructed, and we shall 
indicate the cases where this may be done in a natural way. 
It is also sometimes useful to describe the structure of a given 
group by showing that it may be constructed from certain subgroups 
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using one of the constructions and making appropriate ident i f i cat ions , 
In this way one arr ives , f o r example, at the notion of the ' internal ' 
d i rect product; and there are similar ' in ternal ' concepts correspond-
ing to each of the other constructions. 
Direct Products. I f {a^ : X ^ A} is a family of (not 
necessari ly d i s t i n c t ) groups, we denote the direct pvoduot of the 
groups in the family by 
Dr A. . 
xa ^ 
If the groups a l l coincide with some group A then we have the 
direct power, f o r which we use the notation 
For each X € A there are two canonical homomorphisms 
associated with a d irect product Z? = Dr A. , the projection map 
xa ^ 
: D A^ and the injection map K^  : A.^-^ D . Using these 
homomorphisms we may associate with each subgroup B of D two 
(not necessari ly d i s t i n c t ) subgroups of , namely the image Btt^  
of B under IT^  and the inverse image Sk^^ of B under K^ . 
In the case of the internal direct product K^  i s simply the 
inclusion map A-^ D , and Bk^^ = B N A^ . The subgroup is 
referred- to as the projection of B in the factor A-^ . We have 
SkT^ < Fit, f o r each A € A ; and 5 is a direct product of i t s A A 
pro ject ions in the factors i f and only i f these subgroups coincide 
f o r every X . 
Central Products. We shal l not introduce any special notation 
f o r the central product (or direct product with amalgamation). We 
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use only the internal version of this concept: thus we say that a 
group (J is a central product of subgroups A and B if 
(i) = < S> , and 
(ii) [4, B] = 1 . 
Split Extensions, If A and B are groups and 9 : B Aut A 
is a homomorphism then we write 
A ] B 
0 
for the split extension (or semi-direot product) of A and B , 
formed according to the homomorphism 9 . We shall sometimes omit 
the 6 when it may be understood from the context. 
If G is a group, we shall also use 
G = ] B 
to mean that is a normal subgroup of G complemented by B 
(this is the 'internal' version of the split extension). 
Wreath Products. By the wreath product of two groups A and B 
we shall mean the restricted standard wreath product as defined for 
example in [30], We denote this by 
.4 wr B . 
(B) 
The base group of wr B is a direct power A and for each 
€ B we may define the coordinate subgroup as in [30] by 
A^ = [f ^ A^^^ : = 1 for all fc' ^ b; . 
We shall often identify A with the coordinate subgroup 
corresponding to the identity element of B . When this is done the 
coordinate subgroups are precisely the conjugates of i4 in B , and 
we may express the base group as a direct product 
Dr A^ . 
b€B 
22 
We shall make use of "the fol lowing well-known result concerning 
automorphisms of wreath products (see [29 ] , p. 476), in which we 
assume the atove ident i f i ca t ion is made. 
2.41 LEMMA. If a end 3 are automorphisms of groups A and 
B respectively then there is an automorphism of A \rr B extending 
both a and 3 . • 
Although the wreath product is in general a useful method fo r 
constructing soluble groups, we now show that i t is of l i t t l e use for 
constructing interest ing examples of soluble groups sat is fy ing 
Min-n , The fo l lowing result is possibly well-known, but does not 
seem to appear in the l i t e ra ture . 
2.42 LEMMA. Let A and B he grovcps satisfying Min-n and 
assume that A ^ A' and that B is locally finite. The group 
G - A viv B satisfies Min-n if and only if B is finite.•• 
Proof. The suf f ic iency of the condition is easy to see, fo r i f 
B is f i n i t e the base group of G is a direct product of a f i n i t e 
number of groups sat i s fy ing Min-n and so i t s e l f sa t i s f i e s Min-n . 
But is a f i n i t e extension of i t s base group so i t w i l l also sa t i s f y 
Min-n . 
To prove the necessity, we suppose B i n f i n i t e and construct a 
descending chain of normal subgroups in G . Since {A/A') wr B is 
a homomorphic image of i4 wr S , and hence w i l l sa t i s f y Min-n i f G 
does, we may assume that A is abelian. 
For any f i n i t e subgroup of S , write 
= { / € : - f [h^ ] I f « f } ; A 
(B'F^ (5 ) thus A ' consists of the functions in A which are constant 
on the r ight cosets of F in B . This subgroup is normal in G : to 
show this we need only v e r i f y that i t is normalized by 5 , in view 
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of our assumption that A is abelian. But if f ^ A ' (BiF) and 
b, b^, b^ i B with bj)^ € F , then 
= / - 1 
- 1 
= / (i,) 
since - 1 -1 
- 1 
= bj^l^ , F 
Thus / € A^ '^-^ ^ and so A^^'^^ is normal in G . 
Now we show that the mapping which associates with each finite 
subgroup F of 5 the subgroup defined above is order-
reversing and maps distinct finite subgroups of B to distinct normal 
subgroups of G . 
Let F^ and F^ be finite subgroups of B . If 5 F^ and 
(5 * ^  ) 1 1 
f ^ A • ^  then, since b € F^ implies b^b^ i F^ , we have 
(B • FI) 
also f ^ A ' . Thus the mapping is order-reversing. Now 
suppose only that ' ^^^ assume that there is an element 
b^ € F^ with ^ • 1 ^ a € A and define an element 
by 
fib) = a if b € F^ , 
fib) = 1 otherwise. 
Clearly f ^ A^^''^'^ but f A^^'^'^ since 
^ /(I) 
although b^ € F^ . Therefore ^^B-.Fz) Hence the 
iB'F) mapping F ^  A ' has the properties claimed. 
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Since B i s an i n f i n i t e l o c a l l y f i n i t e group, i t has an 
i n f i n i t e s t r i c t l y ascending chain o f f i n i t e subgroups; and the above 
shows that there i s an i n f i n i t e s t r i c t l y descending chain of normal 
subgroups o f G . Hence G does not s a t i s f y Min-n . 
This es tab l i shes the s u f f i c i e n c y and completes the proo f . • 
Twisted Wreath Products. The twisted wreath product i s a 
genera l i zat ion o f the wreath product due to B.H. Neumann [28 ] and 
w i l l be used f requent ly in subsequent chapters. 
Let A and C be groups, l e t B < C ^ and suppose that 
6 : B Aut A i s a homomorphism. The twisted wreath product i s 
constructed from th i s data as f o l l o w s . 
Choose a r ight transversal T to B in C and form the d i r e c t 
(T) power A . Now def ine a homomorphism 
^ e* : C ^ Aut a''^^ 
( r^ as f o l l o w s . For any elements f € A and a ^ C denote by j 
(T) the element o f A def ined by 
fit) -
where the elements t ' € T and b' i B are those uniquely 
determined by the equation 
to~^ = b't' . 
We def ine to be the mapping under which f corresponds to 
f . I t i s rout ine t o v e r i f y that cQ* i s an automorphism of A 
(T) 
and that Q* i s a homomorphism from C into Aut A 
The twisted wreath product determined by A, B^ C and 6 i s by 
d e f i n i t i o n the s p l i t extension 
] ff e* 
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and we denote i t by 
A wr„ C . D 
It i s shown in [28] that this de f in i t ion is independent of the 
choice of transversal T . I t is obviously not , however, independent 
of the choice of homomorphism 6 from B into Aut A and a more 
accurate notation would' indicate the dependence on 0 . Nevertheless 
in the cases we consider the homomorphism intended w i l l be made clear 
by the context and i t is more convenient simply to speci fy A, B and 
C . {Cf. the notation used by Huppert [19 ] , p. 99. ) 
Following the terminology used f o r wreath products, we re fer to 
(T) A as the base group and define coordinate subgroups A f or each 
V 
t € T by 
^^ = {/ ^ ^^^^ : f(t') = 1 if ^ t} . 
Since the choice of transversal does not a f f e c t the de f in i t ion we 
shal l usually assume that T contains the identity element o f C . 
In this case i t is natural to ident i fy A with the coordinate --
subgroup A . For each t i T the coordinate subgroup A is then v 
simply the conjugate A^ and we may express the base group as a 
direct product 
Dr A^ . 
t^T 
Treble Products. In Chapter 5 we shall make use of the treble 
product, introduced in a recent (and as yet unpublished) paper of 
Heineken and Wilson [13] . This is a special case of the twisted 
wreath product, as the authors point out; however we fo l low the 
authors in formulating the de f in i t ion in a somewhat d i f ferent manner. 
Let 5 , C be three groups and l e t 
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a : 5 ^ Aut 4 , 
T : C Aut B 
be homomorphisms. (We write h^, o^ for the images of elements 
b ^ B , Q ^ C under the homomorphisms a, t respectively.) Let 
W = A \JT C 
and identify ^ with the 1-component of the base group of f/ , so 
that W is generated by the groups A and C . Now form the free 
product 
F = W * B 
of W and B ; this contains isomorphic copies of the factors W 
and B , and hence also of A and C by our above identification, 
and we again identify these copies with the original groups. Let N 
be the normal closure in F of the subgroup generated by all 
elements having either of the forms 
b^.-l -1, Ci) a D a Zp , or 
T 
(ii) h o b o 
where a i A , b i B , o ^ C . The treble product of A, B and 
C , formed according to the homomorphisms a, T , is by definition 
the factor-group F//!/ , and is denoted by 
Tr(A, B, C; a, T) , 
or simply by Tr(/4, B, C) when the homomorphisms a, x are clearly 
specified by the context. 
Since WnN=BnN=l , the subgroups W and B of F are 
mapped isomorphically onto their images in T = F/N by the natural 
projection F ^ F/N . Hence T also contains an isomorphic copy of 
each of the groups W, A, B, C and once again we identify these 
copies with the originals. Thus T becomes a group generated by 
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i4, B and C with the property that 
(^A, C) = A\jv C . 
From the construction it is evident that the defining relations 
of T are: 
(i) those of the factors i4, B , C , 
(ii) all relations of the form 
o 
= 1 [a^, a^ i A and 1 t o ^  c) 
(these express the property that </I, C > = i4 wr C ), 
(iii) all relations of the form 
, a 
a = b ^ ab (a ^  A, b ^  B) , 
a'' -1 b = a "-bo (b ^  B, a € C) , 
arising from factoring out the normal subgroup N . 
The third group of relations show that the subgroups (A, B) 
and (B, C> are isomorphic respectively to the split extensions 
i4 ] S , S ] C . 
a T 
Writing H = BC we see that T is isomorphic to the twisted 
wreath product A wr^ H , with B acting on A according to the 
homomorphism a . 
Heineken and Wilson have shown that it is possible to iterate 
the treble product construction to produce a treble product tower. 
We shall also use an iterative construction based on the treble 
product, though ours differs from Heineken and Wilson's. (We 
describe the treble product tower in section 5.4 for comparison.) 
For our construction we use the following analogue of Lemma 2.41. 
2.43 LEMMA. Let the group G be a treble product 
G = Tr(i4, S , C; a , x) 
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and let a , 3 , y he automorphisms of A, B, C respectively. If 
these automorphisms satisfy the conditions 
(1) = ah^o. for all h ^ B , 
(2) c'^^ = for all o ^ C , 
then there is an automorphism ^ of G which extends the 
automorphisms a, 3, Y • 
Conversely3 if (p is an automorphism of G leaving each of the 
subgroups /I, B, C invariant and if we denote by a , 3, Y ^^^ 
restrictions of (p to A, B, C respectively^ then a , 3 , Y satisfy 
(1) and (2). 
Proof . By Lemma 2 .41 , the automorphisms a and Y can be 
simultaneously extended to an automorphism, ijj say, o f 
W = (A, C> = A wr C . Moreover by the universal property of f ree 
products there i s a unique automorphism, x say, of the f ree product 
F = W * B 
extending the automorphisms ijj and 3 . Now G i s the factor-group 
F/N , where N i s defined as at the beginning of this se c t i on ; we 
show next that N is invariant under x • 
Let a € A , b ^ B , c ^ C . Then 
a b a b 
X 
a 
a 
X 
a 
[b^y^a'^yh^ 
using condit ion ( 1 ) . Thus the image under x o f a generator o f type 
( i ) f o r 71/ i s again of type ( i ) , with a^ and b'^  in place o f a 
and b r e spec t i ve ly . Similarly using condition (2) we have 
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and i t follows that N is invariant under x , as claimed. 
Therefore X induces an automorphism cf) on G = F/N . Since 
the subgroups A, B, C are identif ied with their images under the 
projection F ^ F/N in the definition of the treble product, i t 
follows that (t) is an automorphism of G extending the given 
automorphisms a, 3, Y as required. 
To prove the converse, suppose (p is an automorphism of G 
leaving each of the factors A, B, C invariant, and let a, 3, y 
be i ts restrict ions to A, B, C respectively. Let a ^ A and 
h i B . Then 
,3a 
a 
-1 
i - v i 
= 
oTh^o. = a 
Hence = a 'H^a , for a l l b ^ B , and condition (T) is 
sat i s f i ed . The proof that (2) is sat is f ied is exactly similar. • 
2.44 COROLLARY. Let G be a split extension 
G ^ A '] B . 
a 
If a and 3 are automorphisms of A and B respectively suoh 
that 
(1) b^^ = a " V a , for all b ^ B , 
then there is an automorphism of G extending both a and 3 . 
Conversely^ if cj) is an automorphism of G leaving both A 
and B invariant^ then the restrictions a and ^ of ^ to A 
• to/!•.• ' -A,. 
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and B vespeotively 
Proof. '.-'TakejJ^ C = i, in Lemma 2.''43. • .. 
( A , 
^ I 
» 
- J ® 
Ji 
.'HfVy* . ^ J ' ' ' ' ! • • • .. j,. , • J' Hfvr . ^ 
ui^ , tt 
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CHAPTER THREE 
METANILPOTENT GROUPS SATISFYING MIN-iV 
In this chapter we show that some results of McDougall [24] 
concerning metabelian groups satisfying Min-n have natural 
extensions to the class of metanilpotent groups satisfying Min-n . 
These are discussed in the Introduction; here we merely summarize 
the main points to indicate the organization of the sections in this 
chapter. 
The first of McDougall's results that we generalize concerns 
Sylow p-subgroups. McDougall shows that the Sylow p-subgroups of 
every quasi-radicable metabelian group satisfying Min-n are abelian, 
for each prime p . The analogous result for metanilpotent groups is 
Theorem 3.34. The proof of this theorem depends on two results of a 
more general nature, which we establish in sections 3.1 and 3.2. The 
first of these concerns the properties of the Hirsch-Plotkin radical 
of a soluble group satisfying Min-n , and the second is a 
generalization of a theorem of Cernikov on quasi-radicable hyper-
central groupso We combine these results in section 3.3 to yield a 
proof of Theorem 3.34, as well as the slightly more general Theorem 
3.33. 
In section 3.4 we prove a theorem concerned with the splitting 
properties of metanilpotent groups satisfying Min-n . This is a 
partial analogue of a result of McDougall which shows that every 
quasi-radicable metabelian group satisfying Min-n splits over its 
derived group. 
Section 3,5 consists of a proof that every metanilpotent group 
satisfying Min-n is countable: this is a straightforward 
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deduction from the analogous result for metabelian groups proved by 
McDougall. 
Finally in section 3.6 we consider some specific examples of 
quasi-radicable metanilpotent groups satisfying Min-n , These 
groups are necessarily nilpotent-by-abelian; however we shall see 
that there is no bound either to their derived lengths or to the 
nilpotency class of their derived groups, 
3.1 The Hirsch-Plotk in Radical 
The first step in analysing the structure of the Sylow 
p-subgroups of a metanilpotent group satisfying Min-n is to show 
that every Sylow p-subgroup is hypercentral. To do this we first 
show that the Hirsch-Plotkin radical of such a group is hypercentral. 
In fact this latter result is true for every soluble group 
satisfying Min-n , as we shall prove below. 
We begin by proving a result which does not involve the 
condition Min-n , but is an analogue for locally finite groups of a 
well-known result in finite group theory» 
Following the usual practice in finite group theory, we write 
to denote the largest normal p'-siibgroup of a group G and 
O^rpCf?) to denote the inverse image in G of the largest normal 
p-subgroup of G/0^,iG) . It is well-known that if G is a finite 
group then centralizes every p-chief factor of , . We 
shall prove that this is also true when G is any periodic locally 
soluble group. (By a well-known result of McLain [25], every chief 
factor of a locally soluble group is abelian.) This has also been 
proved by Gardiner, Hartley and Tomkinson [7], using an unpublished 
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result due to Kegel, However we give an alternative proof below. 
3.11 THEOREM. Let G he a 'pev'iod'ic tooatly soluble gvoup and p a 
prime. Then ^p'p^^^ oentvalizes every p-ahief factor of G . 
Proof. Let N = . To obtain a contradiction, we suppose 
that some p-chief factor H/K is not centralized by ^ . We may 
further suppose that K = 1 , so that H is a minimal normal 
p-subgroup of G . 
Let a ^ H and x ^ N be elements such that 
= [a, a:] 1 . 
Then b ^ H and, since H is a minimal normal subgroup, we have 
H = <a>^ = (b)^ . 
As G is locally finite, there is a finite subgroup F of G such 
that 
<a/ = <b/ 
and we may suppose F is chosen to contain the elements a, b and 
X . Let us write 
H^ = (a / = <b/ . 
Now every finite subgroup of N is p-nilpotent, so we have 
Hence 
F r- F F-
H = <b) 5 [<a> , <x) _ 
However, H^ is normal in F and consequently there is a normal 
subgroup K^ of F such that H^/K^ is a chief factor of F . As 
H^ is a p-group, this is a p-chief factor of F , and is therefore 
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centralized by ' since we know the theorem is valid for 
finite groups. We deduce that 
and this is plainly a contradiction, so the theorem is proved. • 
3.12 COROLLARY. Let G be a peviodiQ looally soluble group. 
Then the Hirsah-Plotkin radical p(G) centralizes every chief factor 
of G . 
Proof. Since p(G) is locally nilpotent, it has a unique Sylow 
p'-subgroup, for every prime p . Hence we have 
p(G) < 
for every prime p . • 
We now investigate what more can be said about the subgroups 
and p(G) of a periodic locally soluble group G when we 
assume in addition that G satisfies Min-n . In fact for what we 
shall prove about '^p'p^'^^ ^^ turns out to be sufficient to assume 
only the weaker condition p-Min-n which we define below. This 
condition does not seem to have been considered before, although 
Polovickii [32] has investigated an analogous generalization of the 
condition Min . 
3.13 DEFINITION. Leti p be a prime. A group G is said to 
satisfy the p-minimal condition for normal subgroups (henceforth 
abbreviated to p-Min-n ) if for every descending chain 
... 
of normal subgroups of G all but a finite number of the factors 
G. .,/G. are p-torsion-free. 
It is easy to verify that this condition is inherited by 
homomorphic images, and that a periodic group satisfies Min-n if 
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and only if it satisfies p-Min-?^ for every prime p 
3 . 1 4 THEOREM. Let G be aperiodic loaally soluble group, 
(i) If G satisfies p - M i n - n for some prime p ^ then 
((?) is hyperaentral. 
(ii) If G satisfies Min-n ^ then q{G) is hyperaentral. 
Proof. (i) Suppose G satisfies p-Min-n . Since 
^ p ' p ' ^ ^ ^ / ^ p ' i s a p-group, the normal subgroups of G between 
Op,(G) and ^p'p(^) are well-ordered by inclusion. Hence there is 
an ascending (7-chief series 
O^AG) - ... < H^ -
from 0^,(G) to ^p.p(^) • By Theorem 3.11 each of the p-chief 
f a c t o r s H ^ ^ ^ / H ^ i s c e n t r a l i n ^ p ' p ( ^ ) • C o n s e q u e n t l y 
is hypercentral. 
(ii) Suppose G satisfies Min-n . Then there is an ascending 
G-chief series 
1 = H^ < H^ < H^ < ... < H^ = P(G) 
from 1 to p(G) . By Corollary 3.12 each of the chief factors 
Hqi+I^H^ is central in p((P) . Consequently p(G) is hypercentral. • 
We now deduce from these results that the Sylow p-subgroups of 
a metanilpotent group satisfying Min-n are hypercentral, for each 
prime p . In the case of a metanilpotent group satisfying p-Min-n 
we can deduce in the same way that the Sylow p-subgroups (for this 
specific prime p ) are hypercentral, provided we assume that the 
group is locally finite. This assumption is unnecessary in the 
former case, because we can invoke the following theorem of Baer. 
3 . 1 5 THEOREM ( B a e r [ 2 ] ) . Every soluble group satisfying 
Min-n is locally finite. • 
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3.16 THEOREM. Let G be a group having a normal subgroup N 
suah that both N and G/B are looally nilpotent. 
(i) If G is looally finite and satisfies p-Min-n for some 
prime p , then the Sylow p-subgroups of G are hyperaentral. 
(ii) If G satisfies Min-n ^ then the Sylow p-subgroups of 
G are hyperaentral for every prime p . 
Proof. (i) Assume G is l o c a l l y f i n i t e and s a t i s f i e s 
p-Min-n . Let P be a Sylow p-subgroup of G and l e t Q = 0^,(G) . 
Then P n Q = 1 , so that 
P = P/Pr^ = PQ/Q . 
Hence we may assume that Q = 1 . This implies that N is a p-group, 
so N S P . However G/N is l o ca l ly nilpotent and so has a unique 
normal Sylow p-subgroup, which must obviously be P/N . Hence P 
is a normal p-subgroup of G and thus coincides with 
hypercentral by Theorem 3.14. Therefore P is hypercentral. 
(ii) Assume that G s a t i s f i e s Min-n . Then G/E is a l o ca l ly 
ni lpotent group sat i s fy ing Min-n , so i t is an extension of a 
radicable abelian group by a f i n i t e nilpotent group. (See Robinson 
[ 3 3 ] , Theorem 4 . 3 3 . ) Hence in particular G/1^  is soluble. Also N 
is contained 
in the Hirsch—Plotkin radical of G , so i t is 
hypercentral by Theorem 3.14. However i t i s a consequence of Griin's 
Lemma (see Kurosh [ 2 0 ] , p. 227) that the ( t rans f in i te ) derived series 
of every hypercentral group reaches the unit subgroup. Therefore 
(a) 
N = 1 f o r some ordinal a . But the derived series of N cannot 
have an i n f i n i t e number of s t r i c t inc lusions , as i t s members are 
normal subgroups of G and G s a t i s f i e s Min-n . Hence we may take a < 60 , so that is soluble . Therefore G is so luble , and 
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Theorem 3.15 now shows that G is locally finite. Furthermore G 
satisfies p-Min-n for every prime p , so part (i) shows that the 
Sylow p-subgroups of G are hypercentral, for each prime p . • 
3.2 Quasi-radicability and Hypercentral Groups 
The concept of quasi-radicability is very important for the 
study of soluble groups satisfying Min-n . One reason for this may 
be seen in the corollary to the next theorem, which shows that all 
soluble groups satisfying Min-n are 'almost' quasi-radicable groups 
satisfying Min-n . 
3.21 THEOREM (Wilson [37]). I f a group satisfies Min-n then 
so does every subgroup of finite index. • 
3.22 COROLLARY. Every soluble group satisfying Min-n has a 
quasi-radicdble normal subgroup of finite index which also satisfies 
Min-n . 
Proof of Corollary. Let be a soluble group satisfying 
Min-n . By Lemma 2.35, G has an ^-perfect normal subgroup E of 
finite index. Theorem 3.21 shows that H satisfies Min-n , and H 
is quasi-radicable, since for soluble groups this is equivalent to 
being ^-perfect (see Lemma 2.34). D 
The results we aim to prove concerning the Sylow p-subgroups of 
metanilpotent groups satisfying Min-n rely ultimately on the 
interplay between the conditions of hypercentrality and quasi-
radicability, which will concern us for the rest of this section. 
The following result of Cernikov is fundamental. (A proof may 
be found in Kurosh [20], §65.) 
3.23 THEOREM (Cernikov [5]). I f a periodic hypercentral group 
is quasi-radicable3 then it is abelian. • 
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We shall prove an extension of this theorem which will be useful 
for deriving the results we require. The key step is the following 
lemma, which has a number of useful corollaries. 
3 . 2 4 L E M M A . Let E be a periodic subgroup of a group G . If 
R/S is a quasi-radiodble section of G suah that H is normalized 
by R and centralized by 5 then 
IH, R1 = IH, R, ffl] . 
In particular J if either H < R or H is abelian^ then 
LH, R1 = IH, R, i?] , 
Proof. Let h i H and x i R ^ and suppose h has order n . 
We express each of the commutators a/^ J and , ^ as a 
product of conjugates of C^, cc] , using the well-known commutator 
identities, and obtain 
h, a:^] = [/z, x^^ ... Ih, a;] 
n-1 
X 
and 
= Lh, xl mod IE, R, i?] 
^h^, = Ih, xT Ih, xT ... Ih, a;] 
E \_h, xT mod [.E, R, El . 
From this we deduce that 
h, x' 
m _ Ih, xT = a:] = 1 mod IE, R, ERl , 
that is, 
Ji, x^'j 6 IE, R, ERl , 
However, the commutators of the form [h, x } , with h ^ E and 
X ^ R , generate [e, it^] modulo IE, R, ffl] . Since R/S is 
quasi-radicable and IE, S2 = 1 we have 
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i?] = iPs_ 
- i^l , 
and consequently 
IH, R-] = R, HR2 
as required. The remaining statement of the lemma is an immediate 
consequence of this. • 
3.25 COROLLARYo If a group G is an extension of a periodio 
group N by a quasi-radiaable group, and if A is a normal subgroup 
of G contained in the centre of N , then 
U , G, = U , G] . 
Proof, This is the special case of Lemma 3.24 obtained by 
replacing H, R and 5 by A, G and I] respectively. • 
Another special case of this lemma yields the following well-
knovm result (see Robinson [33], Lemma 2,32). 
3.26 COROLLARY„ A quasi-radioabte subgroup of a periodic 
nilpotent group is contained in the centre. 
Proof. Let G be a periodic nilpotent group and A a quasi-
radicable subgroup. Replacing H, R, S in Lemma 3.24 by G, A, 1 
respectively, we have 
A2 = [G, >1, G] 
and so 
U, = W, G, 6=] = U, G, G^] = . . . . 
Because G is nilpotent, we conclude that , <?] = 1 . Hence A 
is contained in the centre» • 
Another direct application of this lemma yields the following 
result, which we shall need later« 
3.27 COROLLARY0 In a periodic quasi-radicable group the centre 
coincides with the hypercentre. 
I+O 
Proof. Let G be a periodic quasi-radicable group. Replacing 
Hi B, S in Lemma 3.24 by > 1 respectively, we obtain 
"CjC^?), ^ = [^^(G), G, Gj = 1 , 
and therefore ^^{G) = ^^(G) . Thus the upper central series of G 
terminates at ^^(G) , so this must be the hypercentre. • 
We are now in a position to prove the following generalization 
of Cemikov's theorem. 
3.28 THEOREM. Let G be a periodic hypevoentval group having 
a normal subgroup N such that G/N is quasi-radiaable. If N is 
nilpotent of class <2 > 0 ^ then G is also nilpotent of class c . 
If in addition G satisfies Min-c then G is a central 
product of the subgroup N and a radicable abelian group. 
Proof. We prove the first part of the theorem by induction on 
c . 
Firstly suppose that c = 1 . In this case we apply Corollary 
3.25, taking for A the subgroup E n ^^{G) . We conclude that 
G] = G, G 
= 1 . 
Hence 
This implies that 
N n < . 
n C2(G) = ^ j^ (G) 
so that is a normal subgroup of G/C^(G) which 
intersects the centre trivially. As G/(;^(G) is hypercentral this 
implies that N < ^^(G) , by a well-known property of hypercentral 
groups (see e.g. Robinson [33], Lemma 1.51). 
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Now apply Lemma 3.24, taking for H the whole group G and for 
R/S the factor-group G/N . The conclusion is that 
[G, G] = [G, G, G] . 
However, by Theorem 3.23, G/N is abelian, so G' 5 , and therefore 
G' = [G', G] 5 G] = 1 . 
Hence G is abelian, concluding the case a = 1 . 
Now suppose that < 3 ^ 1 . By induction we may assume that 
G/y (N) is nilpotent of class a - 1 : therefore Y = Y . 
C- Q Q 
This implies that 
and hence we may apply Corollary 3.25 again, this time taking A to 
be y A G ) n . We obtain 
O A 
G\ = , G, G 
= 1 
so that n ^^^G) 5 ^^(G) . By the argument used above for the 
case a = 1 , we infer from this that y (G) < ^ (G) . Hence G is 
o 1 
nilpotent of class a . This completes the induction argument, so 
the first part of the theorem is proved. 
Suppose next that G satisfies Min-c . The series O t q t ti T 
is a characteristic series of G , and so terminates after a finite 
number of steps-at a characteristic subgroup A - (T" , say. The 
factor-group G/A has finite exponent and A is quasi-radicable. 
As G/N is quasi-radicable, none of its proper factor-groups can 
have finite exponent: therefore G = NA . We have already shown 
that G is nilpotent, so the quasi-radicable subgroup A is central, 
by Corollary 3.26. Hence G is a central product of N and A . 
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This completes the proof. • 
3.3 Sylow p-subgroups 
In this section we put together the results of the two preceding 
sections to obtain an analogue for metanilpotent groups of the follow-
ing theorem of McDougall. 
3.31 THEOREM (McDougall [24]). The Sylow p-subgroups of a 
quasi-radiaable mtabelian group satisfying Min-n are abelian^ for 
each prime p . • 
Before proceeding with our discussion of metanilpotent groups 
satisfying Min-w , we first mention the following result of Baer, 
dealing with the structure of nilpotent groups satisfying Min-n . 
3.32 THEOREM (Baer [1]). Every nilpotent group satisfying 
Min-n is a central extension of a radiodble abelian group satisfying 
Min by a finite nilpotent group, D 
To obtain our generalization of Theorem 3.31 we begin, as in 
Section 3.1, by considering the case of a locally finite metanilpotent 
group which satisfies p-Min-n for some particular prime p . 
3.33 THEOREM. Let G be a locally finite group having a 
nilpotent normal subgroup N of class c > 0 such that G/E is 
also nilpotent. Suppose that G satisfies p-Min-n ^ for some prime 
p J and let F be a Sylow p-subgroup of G . 
Then P is a finite extension of a nilpotent group P^ of 
class at most c . Moreover P^ is a central product of P^ n N 
and an abelian group. 
If in addition the group G is p-quasi-radicablej then we may 
take P^ = P . 
43 
Proof. Assume first that N is a p-group, so that N < P . 
Then P/N is the unique Sylow p-subgroup of G/N and is a 
direct factor of G/N . Since G/N satisfies p-Min-n , it follows 
that P/N satisfies Min-n . Now by Theorem 3.32 a nilpotent group 
satisfying Min-n is a finite extension of a radicatle abelian group 
satisfying Min . Therefore P has a normal subgroup P^ of finite 
index such that P^/N is a radicable abelian group satisfying Min . 
Moreover if G is p-quasi-radicable, then P/N is quasi-radicable, 
so we have P^ - P in this case. 
As P/N is a direct factor of G/N , the subgroup P^ is 
normal in G and so satisfies Min-c . By Theorem 3.15, P is 
hypercentral and therefore so is P^ . Thus P^ satisfies the 
conditions of Theorem 3.28. Consequently P^ is nilpotent of class 
o and is a central product of N and a radicable abelian group. 
This completes the proof of the case where N is a. p-group. 
Next suppose that N is not a p-group. Let Q be the unique 
Sylow p'-subgroup of N : then ^ is a normal subgroup of G . We 
write G = G/Q , and for each subgroup 5 of we let H = HQ/Q . 
Since P n Q = 1 we have P = P , Under this isomorphism P n N is 
mapped onto PQnN=N . Now P is contained in the unique Sylow 
p-subgroup, S say, of G , By the first part of the proof S has 
a subgroup S^ of finite index which is expressible as a central 
product 
S^ = NA . (1) 
If G is p-quasi-radicable then so is G and we may take S^ = S 
in this case. From (1) we have 
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S^ n P = M n P 
= NiArP) , (2) 
so that n P i s a central product of N and an abelian group. 
Let PQ be the subgroup corresponding to n P under the above 
isomorphism between P and P „ Then P^ has f i n i t e index in P 
because 
P : S^nP S S » 
and i f G i s p-quasi-radicable then S^ n P = P and so PQ = P in 
this case. Using the isomorphism between P and P we deduce from 
(2) that PQ is a central product of N n P and an abelian group. 
Thus we have established the theorem in both cases. • 
We can now easi ly deduce the promised analogue of Theorem 3.31. 
3.34 THEOREM, Let G be a quasi-radioable group satisfying 
Min-n and having a nilpotent novmal subgroup N of class o > 0 
such that G/N is also nilpotent. Then the Sylow p-subgroups of 
G are nilpotent of class at most c ^ for each prime p ^ and each 
one is a central product of a Sylow p-svbgroup of N and an abelian 
group, 
Proof. By Theorem 3.15, G is local ly f i n i t e . Also G 
s a t i s f i e s p-Min-n and is p-quasi-radicable f o r every prime p . 
The result therefore follows immediately from Theorem 3,33, • 
3.35 REMARK, In fact any group satis fying the conditions of 
Theorem 3,34 w i l l be nilpotent-by-abelian. This is because a 
nilpotent homomorphic image of such a group is both periodic and 
quasi-radicable, and hence is abelian by Corollary 3,26. 
We conclude this section by using Theorem 3.34 to obtain some 
further information on the Hirsch-Plotkin radical o f a quasi-radicable 
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nilpotent-by-abelian group satisfying Min-n . 
3.36 LEMMA. Let G be a quasi-radiQohle nilyotent-by-obeli an 
group satisfying Min-n and suppose G' has nilpotenoy class a . 
Then the Eivsoh-Vlotkin vadioal p(G) is nilpotent of class o , and 
is a oentval product of G' and an abelian group. 
Proof. Let R-= p(G) . Since G' is nilpotent, we have 
G' < R . Now R is locally nilpotent, so we can write 
R = Dr R , 
P P • 
where R^ is the unique Sylow p-subgroup of R for every prime 
p . Choose a Sylow p-subgroup S^ of G for each prime p : then 
we have 
G' = G' n S S R S S , 
p P P P 
for each p , where G^ is the Sylow p-subgroup of . By Theorem 
3.34, S^ is a central product 
S = = G'A 
P ^ P^ P P P 
for some abelian subgroup A^ of G , Therefore R^ is a central 
product 
Consequently if we set 
R = G' [A nR ] p p^ p p^ 
A = -Dr [a nR ] ^ V p^ p ^ ^ 
then i? is a central product 
R = G'A 
as claimed. From this it follows immediately that R is nilpotent 
of class c . • 
NOTE. When we have proved Theorem 3.43, we shall be able to 
show that if a group G satisfies the hypotheses of Lemma 3.36 then 
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we have in fact 
P(G) = G ' . 
3.4 A Sp l i t t i n g Theorem 
We now aim to generalize the following result of McDougall. 
3.41 THEOREM (McDougall [24 ] ) . Every quasi-Tadioable 
metdbelian group satisfying Min-n splits over its derived group. • 
As we have noted in Remark 3.35, every quasi-radicable 
metanilpotent group sat is fying Min-n is in fact nilpotent-by-
abelian. However, i f the word 'metabelian' in Theorem 3.41 is replaced 
by 'n i lpotent -by-abel ian ' , or even 'centre-by-metabelian', then the 
resulting statement is no longer true. This is shown by an example 
in [24] (Example 3) . Therefore we cannot hope to prove the obvious 
analogue of Theorem 3.41. 
Now the example mentioned above is constructed by taking a 
quasi-radicable centre-by-metabelian group satisfying Min-n which 
does s p l i t over i t s derived group and forming a central product of 
this group and a quasicycl ic group in such a way that the derived 
group is no longer complemented in the larger group. The theorem we 
shall prove implies that a l l quasi-radicable nilpotent-by-abelian 
groups sat is fy ing Min-n which do not sp l i t over their derived 
groups must be constructed in a manner similar to this . In particular 
we prove that i f the centre of a quasi-radicable nilpotent-by-abelian 
group sat is fy ing Min-n intersects the derived group t r i v i a l l y then 
the group does s p l i t over i t s derived group. 
Before we come to this theorem, we need to note the following 
consequence of Theorem 3»41. 
3.42 LEMMA (McDougall). Let G be a quasi-radioable 
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metahelian group satisfying Min-n . Then q{G) = G\z,{G) . 
Proof. Let R = 9{G) . Because G^ is abelian, we have 
G' ^ R . By Theorem 3.U1, (?' has a complement K in G . Hence 
R = . (1) 
Now K is abelian, being isomorphic to G/G' . Also R is abelian, 
by Lemma 3.36, so [ M , G] = [Znfl, G'Z] = 1 . Hence (1) shows that 
R S G \ U G ) . 
However, since is an abelian normal subgroup of G , 
the reverse inclusion also holds. Therefore R = G\^{G) . • 
3.43 THEOREM. Let G be a quasi-vadiaable nilpotent-by-
abelian group satisfying Min-n . Then G has a radioable abelian 
subgroup K satisfying Min such that G = G^K and (?' n Z is 
contained in the aentre of G . 
Proof. We use induct ion on the class o of . 
If c 5 1 , then G is metabelian and by Theorem 3.41, (P' has 
a complement K in G , Since K = G/G^ , it is clear that Z is a 
radicable abelian group satisfying Min , 
Now suppose o > 1 . We deal first with the case where 
G' n ^(G) = 1 . In this case we have to show that G' has a 
complement in G . 
Let A = ^{G') , The group G/A satisfies the hypotheses of 
the theorem and its derived group G'/A has class o - 1 . Therefore 
by induction G/A has a radicable abelian subgroup M/A satisfying 
Min, such that 
G/A = (G'/A)(M/A) 
and 
(G'/A) n (M/A) 5 ^G/A) . 
Writing Z/A - X^{G/A) we therefore have 
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G = G'M 
and 
G' n M < Z . 
We claim that M is a metabelian group satisfying Min-n . 
Firstly, M is metabelian, for both A and M/A are abelian. 
Further, since A is the centre of G' ^ any normal subgroup of M 
lying inside A is normal in G' and therefore also in G = G'M . 
Hence A satisfies Min-A/ , But M/A satisfies Min , so we 
conclude that M satisfies Min-n . 
By Corollary 3.22, M is a finite extension of a quasi-radicable 
metabelian group L satisfying Min-n . By the case o = 1 
considered above, L' is complemented in L by a radicable abelian 
group K satisfying Min . We show that K is the complement for 
G' we are seeking. 
Firstly, because M/L is finite and M/A is radicable, we have 
M = LA . 
Hence 
M' = 5 L , 
Thus A/' is a normal abelian subgroup of L and therefore is 
contained in the Hirsch-Plotkin radical p(L) . By Lemma 3.M-2 we 
have 
p(L) = L'.C(i) 
so we can write 
However 
M' = L' (M'nC(L)) . 
M' n < n C(L) 
= l^ iG') n ^(L) 
< G' n i;(G) = 1 
by our assumption. We conclude that M' = L' . 
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Hence Z is a complement to A/' in L : that is L = M'K and 
M' n K = 1 . Therefore 
G = G'M' 
= G'AL = G'L 
= G'M'K = G'K . 
It now remains only to show that G' n K = 1 . 
Since G is nilpotent and K is abelian, we can express each 
as a direct product 
G' = Dr G' , 
P ^ 
K = Dr K , 
where G^ and K^ are the unique Sylow p-subgroups of G' and K 
respectively, for each prime p . Now for each p the subgroup 
^p^p is a p-subgroup of G and so by Theorem 3.34 it is nilpotent. 
But K is radicable and hence so is each of the direct factors K 
P 
It therefore follows from Corollary 3.26 that 
^ J = 1 -p' pJ 
and so 
~G', iG'nK)! = 1 L p ' pJ 
for each prime p (where (G'nK)^ denotes the Sylow p-subgroup of 
G' n K ]. Also if p and q are distinct primes then 
[ C , (G'nX)J = 1 L p ' q^ 
since G' and (G'nK) lie in distinct direct factors of G' . 
P ^ 
Consequently 
IG\ G'nK'} = Dr G', Dr (G'nK) -p ^ p ^^ 
= 1 . 
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Because G = G'K and K is abelian, we deduce from this that 
IG, G'nKl = IG'K, G'r^] 
= G'nK-] 
= 1 . 
Hence G' n K S G' n ^(G) = 1 , and K is the complement required. 
This completes the inductive step in the case where G^ n I,{G) = i . 
Suppose next that G' n 1 and write G = G/[G'n^(G)] . 
If H is the subgroup of G defined by 
H/[G'n:i(G)) = G' n 
then we have H < G' n , However by Corollary 3.27, C^CG) 
coincides with the hypercentre of G . Therefore H < G' n 
and consequently the centre and the derived group of G intersect 
trivially. 
Applying the first part of the proof to the group G , we see 
that G has a radicable abelian subgroup K^ satisfying Min which 
complements G' . If K^ = K^/[G'n^iG)] then 
K'^ S G' n n 5 
so K^ is nilpotent. Also G' n ^(G) satisfies Min , being a 
central subgroup of G , and it follows that K^ satisfies Min , 
Hence by Theorem 3.32, K^ has a radicable abelian subgroup K of 
finite index lying in its centre. Because K^/[G'ni;(G)] is quasi-
radicable and K^/K is finite we have 
Therefore 
G = G'K^ = G'K , 
and 
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G' n K < G' n 5 ^(G) . 
Thus K has the properties claimed in this case too, and so by 
induction we obtain the required result. • 
We note as a corollary the following result, which is immediate 
from the above proof. 
3.44 COROLLARY. Let G be a quasi-vadicable nil-potent-by-
abelicm group satisfying Min-n . If G' n = 1 then G splits 
over G' . • 
By invoking Theorem 3.M-3 we can now obtain an improved version 
of Lemma 3.36. 
3.45 THEOREM. Let G be a quasi-radioable nilpotent-by-
abelian group satisfying Min-n . Then Q{G) = G'.^(G) . 
Proof. Let R = piG) . Since G' is nilpotent we have 
G' < R . Also Theorem 3.43 shows that there is a radicable abelian 
subgroup K such that G = G'K . 
Now G' and K have direct decompositions 
G' = Dr G' , 
P P 
K = -Dv K , 
P " 
where G^ and K^ are the unique Sylow p-subgroups of G' and K 
respectively, for each prime p . Each of the p-subgroups ^p^p ^^ 
nilpotent, by Theorem 3.34. Also, since K is radicable, so is K^ 
for every p , and we deduce from Corollary 3.26 that 
rG\ K I = 1 . (1) Lp> pi 
Now R = G'(KnR) , and as R is locally nilpotent it is also 
the direct product of its Sylow subgroups. If we write A^ for the 
Sylow p-subgroup of K n R , for each prime p , then ^p^p 
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clearly the Sylow p-subgroup of R ; hence 
i? = Dr G'A . 
P ^ ^ 
By (1) we have A ^ = i for each p and hence also 
[ C , KnR-] = 1 . 
As K is abelian it follows that 
IG, Kr^R•] = K, M ] 
= EG', KnR-] 
= 1 . 
Therefore Z n i? < , and consequently 
R = (J'CM) 5 . 
However, the reverse inclusion also holds, since G ' . ^ G ) is a 
normal nilpotent subgroup of G . Hence we have 
PC^J) = i? = G' .UG) 
as claimed. • 
3.5 Countability 
We are now easily able to generalize the following result of 
McDougall. 
3.51 THEOREM (McDougall [24]). Every metabelian group satisfy-
ing Min-n is oovntable. 
In this case the analogue for metanilpotent groups is the 
obvious one. 
3.52 THEOREM. Every metanilpotent group satisfying Min-n is 
Qountable. 
Proof. Let be a metanilpotent group satisfying Min-n . By 
Corollary 3.22, G has a quasi-radicable subgroup of finite index 
satisfying Min-n , and we may clearly suppose for the purposes of 
the proof that G itself is quasi-radicable. Hence G is nilpotent-
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by-abelian (see Remark 3.35). 
By Theorem 3.43, G has a radicable abelian subgroup K 
satisfying Min such that 
G = G'K and G' n K < . 
Suppose has nilpotency class Q and write 
for 1 S i S o . The elements of K induce automorphisms on the 
factors A^ and using this action we can form the split extensions 
H. = A. K 
for 1 < i < Q . Since A. is a central factor of for each 
1 
i , the Z-invariant subgroups of G' lying-between y . (G') and 
y-iG') are normal in G' , and hence also in G = G'K . Thus the 
u 
groups H . are all metabelian groups satisfying Min-n ; 
"V 
consequently they are countable, by Theorem 3.51. From this it 
follows at once that G is countable. ^ 
3.6 Some Examples 
In this section we describe a method of constructing examples of 
quasi-radicable nilpotent-by-abelian groups satisfying Min-n . 
Using this method we obtain examples of such groups with derived 
groups of arbitrarily large nilpotency class and also examples having 
arbitrarily large derived lengths. The construction is based on that 
used by Carin [3] for establishing the existence of metabelian groups 
satisfying Min-n but not Min . We therefore begin by describing 
Sarin's construction briefly. 
3.61 Carin's construction. Let p and q be distinct primes 
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and let K denote the algebraic closure of the field GF(p) . The 
multiplicative group K* of K is a direct product of quasicyclic 
groups and in particular has a subgroup Q of type C ^ . Let F 
be the subfield of K generated by the elements of Q . 
Multiplication by any element of Q induces an automorphism on the 
additive group F'^ of F , and since F"*" is generated by the 
elements of Q , the group F^ is irreducible under this action of 
Q . We let G be the split extension of F"*" by (J , the elements 
of Q transforming f"*" according to this multiplicative action. 
The group G is metabelian, being an extension of an infinite 
elementary abelian p-group by a group of type C ^  , and the 
subgroup F"*" is a unique minimal normal subgroup of G and so 
coincides with G' . The factor-group G/G^ is isomorphic to Q 
and so is radicable and satisfies Min : hence G is quasi-
radicable and satisfies Min-n . 
The group G has a faithful representation as a subgroup of the 
linear group GL(2, F) , for the matrices 
o' 
a 1 
(a ^ F) 
form a sijibgroup of GL(2, F) isomorphic to F and the matrices 
CO o " 
0 1 
(w € Q) 
form a subgroup isomorphic to Q , and we have 
'oo ^ o ' 
N 
0 CO o ' ' 1 o " 
. 0 1 . 1 . . 0 1 J c o a 1 _ 
Hence these isomorphisms may be extended to give an isomorphism 
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between G and the group of all matrices 
0) o' 
a 1 
€ Q, a ^ F) 
in GL(2, F) . 
3.62 The General Construction. Motivated by this represent-
ation, we can now construct nilpotent-by-abelian groups with similar 
properties. 
Keeping the notation of 3.61, let n be any positive integer 
with 2 < n S q , and let N be the group of lower unitriangular n x n 
matrices over F . If we write e^^ for the n ^ n matrix having 
1 in the (i, j) place and 0 elsewhere, then N consists of all 
sums 
^ ^ I \fii ("ij ^  
where the summation extends over all pairs of integers i, j with 
1 5 J < i S n . (2) 
It is well-known and easy to verify that . N is nilpotent of class 
n - 1 , the k-th term of its lower central series consisting (when 
1 < k < n ) of all sums (1) with a. . = 0 when i - j < k . (That 
is, consists of all matrices in N with zeros on the first 
k - 1 subdiagonals.) 
Now let Q be the group of all n x n diagonal matrices of the 
form 
where o) € ^  . The mapping assigning to the element (3) of Q the 
element o) of ^ is evidently an isomorphism between Q and Q . 
We take G to be the group generated by N and Q . On 
conjugation by an element (3) of $ , the element (1) of N is mapped 
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to the element 
1 + y a. .i^'^e. . , 
as is easily verified by direct computation. Consequently, for each 
pair i, j of integers satisfying (2) the subgroup 
. . = {l+Oie . . : a ^ F 
is invariant under conjugation by elements of Q . As the mapping 
1 + ote . . a is clearly an isomorphism from A. . onto F"*" , the 
subgroup A. .Q of G is isomorphic to the split extension of tj 
by Q with each element oo € ^  transforming F"*" according to the 
rule 
a w^ '^ a^ (a ^ F) . 
— 7 However, since 1 5 i-j 5 q-1 , the mapping co i — i s an 
automorphism of Q ; hence A..Q is isomorphic to one of the groups tQ 
constructed in 3.61. Hence A^^ is transformed irreducibly by Q . 
Now by the remarks made earlier Y^(^) is generated for each 
k by the subgroups A . . with i-j < k , and it is a simple matter 1{J 
to verify that 
= ^ ^ ^ ^ ^ ^ X X . . . X , 
where the bars denote the images of the subgroups A. . under the 
canonical projection N 
A-, . . is transformed irreducibly by Q . Thus each lower central 
factor i® ^ direct product of a finite number of 
subgroups, each irreducible under the action of Q . Hence the lower 
central series of N can be refined to a finite C^ -chief series 
between 1 and N , so N certainly satisfies Min-G . But 
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G/N = Q , which is a group of type C ^ , so it follows that (3 is a 
quasi-radicable group satisfying Min-n . 
We have therefore constructed a quasi-radicable group which 
satisfies Min-n and is an extension of a nilpotent group of class 
n - 1 by an abelian group. Since n was chosen to be any positive 
integer with 2 S n S q , and since q was any prime not equal to 
p , this construction gives us examples of quasi-radicable nilpotent-
by-abelian groups satisfying Min-n and having derived groups with 
any prescribed nilpotency class. Moreover since a group of n n 
unitriangular matrices (with n > 1 ) has derived length 
log2(n-l) + 1 (see e.g. Robinson [33], p. 25), these examples also 
include groups of arbitrarily large derived lengths. 
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CHAPTER FOUR 
TWISTED WREATH PRODUCTS AND METABELIAN GROUPS SATISFYING m U - N 
In this chapter our object i s to prove a result on the structure 
of quasi-radicable metabelian groups satisfying Min-n of a rather 
d i f ferent kind from the results of McDougall which we considered in 
the last chapter. One of McDougall's results (Theorem 3.41) shows 
that every group in this class i s a sp l i t extension of i t s derived 
group by a radicable abelian group satisfying Min . We now 
investigate the nature of these sp l i t extensions, and indicate a 
connection between this class of groups and the class of metabelian 
groups sat is fy ing Min . 
The connection between these classes i s described using the 
concept of a twisted wreath product. The twisted wreath products 
that occur in the description are a l l ' c l o s e ' to ordinary wreath 
products, since the subgroup which does the ' twisting ' turns out in 
each case to be a f i n i t e group. We shall show that some particular 
types of quasi-radicable metabelian groups satisfying Min-n are 
themselves expressible as twisted wreath products of this type. 
However we also obtain a rather more complicated description which is 
valid for arbitrary quasi-radicable metabelian groups satisfying 
Min-n . We state below the general theorem which we intend to prove. 
4.41 THEOREM. Let G be a quasi-Tadioable metabelian group 
satisfying Min-n and let A be a oomplement to G' in G . Then 
G' is expressible as a direct product 
G' = V, X ... X V 1 n 
of a finite number of normal subgroups ..., of G such thatj 
for i = l , 2, . . . , n j the group 
59 
G. = V.A % V 
has the following stvuotuve: 
U. wr„ A. % F. ^ % X B. t 
wheve I/., A. and B. are subgroups suah that 
(i) A = A. ^ B. , % % 
(ii) F. is finitet 
(Hi) U .F. X B. is a group satisfying Min . 
Each twisted wreath product U. wr_ A. occurring in the 
t . 1 % 
statement of this theorem has the property that the split extension 
JJ .F. and the group A. are both groups satisfying Min , while the 11 1 
twisted wreath product itself satisfies Min-n (but not in general 
Min ). Thus we see that it is sometimes possible to use a twisted 
wreath product to construct a metabelian group satisfying Min-n 
from two groups satisfying Min in a manner somewhat analogous to 
the process of constructing a group satisfying Max-n using a wreath 
product of two groups satisfying Max . Unfortimately it appears to 
be a difficult problem to determine the conditions under which this 
method can actually be used for the construction of examples, and we 
have made little progress with this. 
To prove Theorem 4.41 we first introduce in section 4.1 the 
concept of a system of imprimitivity for a normal subgroup of a 
group. This is closely related to the systems of imprimitivity stud-
ied in connection with both linear groups and permutation groups. 
Using this concept we obtain a simple criterion for a group to be 
expressible as a twisted wreath product of certain subgroups. Then 
we transform the problem into one about modules in a standard way. 
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and in sections 4.2 and 4.3 we apply some results from Hartley and 
McDougall [12] to analyse the structure of the modules which occur. 
Finally in section 4.4 we use the properties of these modules to 
prove the above theorem. 
4.1 Systems of Imprimitivity and Twisted Wreath Products 
We begin this section by defining systems of imprimitivity, both 
for modules and for normal subgroups of a group. 
4.11 DEFINITION. Let G be a group and K a commutative ring 
with identity, and let 7 be a ZG-module. A set 
• U^ : X € A • 
of Z-submodules of V is said to be a system of imprimitivity for 
V if 
(i) V is a X-admissible direct sum 
V = ® U. , 
\a ^ 
(ii) multiplication by elements of G permutes the 
submodules U-^ among themselves: that is, if g ^ G 
and X € A , then 
V = 
for some X' € A . 
The module V is said to be -primitive if its only system of 
imprimitivity is the set [V] ; otherwise V is said to be 
imprimitive. 
4.12 DEFINITION. Let 21/ be a normal subgroup of a group G . 
A set 
• M^ : X € A; 
of subgroups of N is said to be a system of imprimitivity for N 
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in G if 
(i) N = Dv M, , 
xa ^ 
(ii) conjugation by elements of G permutes the subgroups 
M^ among themselves: that is, if g ^ G and X € A , 
then ifi^  = My for some A' € A . 
The normal subgroup N is said to be a primitive novmal subgroup of 
G if the only system of imprimitivity for N in G is the set 
{N} : otherwise N is said to be an imprimitive normal subgroup of 
G . 
REMARKS. (1) If ^ is an abelian normal subgroup of a group 
G then we may view N also as a ZG-module (where Z is the ring 
of integers), with the elements of G acting on N by conjugation. 
In this case the systems of imprimitivity for il/ as a normal subgroup 
clearly are also systems of imprimitivity for /!/ as a ZG-module, 
and conversely. 
(2) Suppose a group (3 is a split extension 
G = 21/ ] ^  
and let S be a system of imprimitivity for N in G . It follows 
easily from the definition that 5 must contain all the distinct 
conjugates in A of each of its members. Hence if : a ^ Z IS 
a subset of S consisting of one representative from each conjugacy 
class in A of the members of S , and if T^ is a transversal to 
N^ (m^) for each a € 2 , then 5 is a disjoint union 
Also for each a € 2 the subgroup 
t€T a 
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is clearly normal in G , and N is a direct product 
N = Dv N^ , 
oa ^ 
Moreover, for each a € E the action of A on N^ is determined by 
that of on M^ . This is because each a € A may be 
written in a unique way as a product a = b t , where b ^ N [m 1 0 0 a A^ o-' 
and (^j ^  ^ ^ , and the action of the elements of T^ is clearly 
specified by the equation (1), 
Thus by establishing the existence of a system of imprimitivity 
•S of this form, we can describe the action of on iV in terms of 
the action of N. [M^ on M for every a € E . 
Using the concept of a system of imprimitivity for a normal 
subgroup, one gets a convenient criterion for expressing a group as a 
twisted wreath product, which we describe in the following lemma. 
4.13 LEMMA. Let the group G be a split extension 
G ^ A ^ B 
and suppose A has a system of impTimitivity consisting of conjugates 
in B of some subgroup A . Let B = ; then G is isomorphic 
to the twisted wreath product 
f/ = ^  wrg B , 
where the action of B on A in W is that induced by conjugation 
in the group G . 
Proof. Let be a right transversal to B in B containing 
the identity element. The set {A^ : t i t] is a complete set of 
conjugates of ^ in G . Since these conjugates form a system of 
imprimitivity for A , by hypothesis, we have 
A ^ -Dr A^ . 
t^T 
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Now the base group of the twisted wreath product A/ is a direct 
product of copies of ~A indexed by the elements of a transversal to 
S in B , and since the twisted wreath product is determined 
independently of the choice of transversal we may assume this 
transversal is 7 . If we identify A with the 1-component of the 
base group, then the base group is a direct product 
Dr 
tiT 
and so is isomorphic to A . The group W is a split extension of 
its base group by the group B , so to verify that W is isomorphic 
to G we need only check that the above isomorphism is compatible 
with the action of B . But this is straightforward. • 
4.2 Systems of Imprimitivity for Irreducible Modules 
We shall accomplish the main step in the proof of Theorem 4.41 
by proving certain facts about the systems of imprimitivity of 
modules for radicable abelian groups satisfying Min . If G is a 
quasi-radicable metabelian group satisfying Min-n , then G' has a 
complement, A say, by Theorem 3,41. We may view G' in a natural 
way as an -module, with the elements of A acting on G' by 
conjugation. The submodules of G' are then precisely the normal 
subgroups of G contained in G' ; consequently G' will satisfy 
the minimal condition on 4-submodules. We now study the systems of 
imprimitivity for i4-modules of this type, beginning with the case 
where G' is an irreducible -module. 
Notation. The modules we consider all arise from abelian normal 
subgroups in the manner described above, and we shall accordingly use 
notation which emphasizes this fact. 
Let G be a group and K a commutative ring with identity. 
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Suppose y is a X(S-module and U is a Z-submodule of V , not 
necessarily invariant under the action of G . We write 
n^iU) = {g ^ G : Ug = U} 
and 
= {g ^ G : ug = u for all u € U) , 
and refer to all i^-modules of the form Ug , where g i G , as 
oonougates of U . 
If H is a subgroup of G then we may view V also as a KE-
module, simply by restricting the action of G : when we wish to 
emphasize that V is to be considered as a KH-module in this way, 
we denote it by V^ . 
If K = 1 i the ring of integers, we shall often refer to Y as 
a G-module rather than a ZG^-module, 
The underlying additive group of V will be denoted by F"*" . 
For any positive integer n , we define 
7[n] = {y € F : ny = 0} . 
If F is a G-module then we use the term divisible hull of V to 
mean the divisible hull of V^ (in the sense of Fuchs [6], §24). 
Thus the divisible hull of a (J-module is not necessarily a <J-module, 
but only a divisible abelian group containing the module in general. 
4.21 . We now consider a particular class of irreducible modules 
for abelian groups. The discussion which follows is taken from 
Hartley and McDougall [12], p . 121. 
Let i4 be a periodic abelian group and p a prime, and let 6 
be a homomorphism from A into the multiplicative group of the field 
k = GF(P°°} (the algebraic closure of the field Z^ of p elements). 
Define a -module Z(6) as follows: the underlying vector space 
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of K(Q) is the subfield of k generated by 4^6 , viewed as a vector 
space over Z^ , and the action of an element a € A on K(Q) is 
given by 
x.a = xiaQ) , (a; € ZO)) , 
where the product on the right is according to the field multiplication 
in k . This action can be extended to IpA by linearity, and with 
this definition K(Q) becomes a Z^4-module. Moreover, since the 
elements of 4^6 are roots of unity, they generate K(Q) as an 
additive group, and from this it easily follows that K{Q) is an 
irreducible Z 4-module. 
V 
The next lemma is a straightforward extension of part (i) of 
Lemma 2.5 of Hartley and McDougall [12] {of. also Satz 3.10, p. 165, 
of Huppert [19]). Before stating the lemma we introduce a piece of 
notation that we use throughout this chapter. 
Notation. If a and h are relatively prime positive integers, 
then we write 
ord(a, h) 
for the order of a modulo b ; that is, the least positive integer 
yx n such that a = 1 (mod b) . 
4«22 LEMMA. Let A be a periodic abelian group and p a prime^ 
and let V be an irreducible l^A-module. Then 
(i) there is a homomorphism 9 from A into the 
multiplicative group o/ k = GF(p°°) such that 
V = m ) . 
(ii) C^(F) = ker 6 ^  
(Hi) A/Cj^(V) is a locally cyclic p'-groupj 
(iv) i f A/C^(V) has finite order m then the dimension of 
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V over is ord(p, m) . 
Proof, For (i) we refer to Hartley and McDougall [12], Lemma 
2.5. 
Part (ii) is immediate from (i) and the definition of K(B) . 
To prove part ( i i i ) ^ note that by (ii) we have 
A/C^(V) = .1/ker 0 = yie 5 k'^  (1) 
and as k"^  is a locally cyclic p'-group so is A/C (V) . 
J"! 
To prove part (iv), suppose |i4/C^(F)| = m . Then using (iii) 
we see that 4^9 is a cyclic subgroup of k* of order m . 
Consequently a generator of Ad is a primitive m-th root of unity 
in k , so the sub field of k generated by 4^6 must be isomorphic 
to the Galois field GF (p*^ ) , where / is the least positive integer 
for which the order p^ - 1 of the multiplicative group of GF [p^] 
is divisible by m . But this means that f = ord(p, m) , so that 
K{Q) , having its underlying vector space equal to GF[p^] , has 
dimension ord(p, m) over Z^ . Therefore by (i) the dimension 
of V over Z^ is also ord(p, m) , • 
We next prove two lemmas which will provide us with a way of 
finding systems of imprimitivity for the modules we are studying. 
4.23 LEMMA. Let G be a groupj H a subgroup of finite index 
and K an aj'bitrary field. Suppose V is a finite-dimensional 
KG-module and U is a KH-submodule of V^ suah that V = UG . I f 
dim_^ V = \G : H\ dim^ U (1) 
then the conjugates of U form a system of imprimitivity for V and 
= E . 
Proof, Let T be a right transversal to E h\ G . Since 
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V = UG we have 
V ^ I Ut . (2 ) 
t^T 
Each of the subspaces Ut has dimension equal to that o f U and the 
number of summands i s i^'l = G : H] . Hence equation (1 ) implies 
that the sum in (2 ) i s a d i rec t sum. 
I f t ^ T and g ^ G then there is an element t^ ^ T such 
that € H . Hence 
Vtg = Ut' 
and there fore mult ip l icat ion by elements of G permutes the 
subspaces Ut . Hence {Ut •. t ^ T] is a system of imprimit iv i ty 
f o r V . I t i s c lear from this that W^iU) = E , • 
The next lemma is an extension of Lemma M-.23 to cope with 
s i tuat ions where the index : H\ may be i n f i n i t e . 
4.24 LEMMA. Let G be a group^ H a subgroup and K an 
arbitTavy field. Suppose V is a KG-module and U is a KH-
submodule of of finite dimension over K suah that V = UG . a 
If G has subgroups G^, G^, G^ with 
and 
« = =1 - =2 - - ••• ' 
G = U . 
n>l 
suah that h\ is finite for eaoh n > 1 j and if the equation 
dim UG = G : H dim U (1 ) n n 
is valid for each n > 1 j then the conjugates of U in G form a 
system of imprimitivity for V j and = E . 
Proof. Choose a r ight transversal T to E in G which i s 
expressible as a union 
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r = U T , 
n>l " 
where T is a transversal to 5 in G , for each n , and n n ' 
^^ e c Tg c ... . As in Lemma 4.23 we have 
^^  = I i/t . (2) 
t^T 
Moreover equation (1) shows that, for each n , the sum 
UG = I Ut 
tiT n 
is a direct sum. Hence so is the sum in (2) and the result follows 
as in Lemma 4.23. D 
In our applications of Lemma 24- we shall make use of the fact, 
established in Lemma 4.22 (iv) ^ that the dime^^sions of certain 
irreducible modules for abelian groups are given by the values of the 
number-theoretic function ord(p, m) . We now embark on a series of 
number-theoretic lemmas aimed at answering the following question: if 
p is a prime and TT is a finite set of primes not containing p , 
how do the values of ord(p, m) change as m ranges over the set of 
77-numbers? 
First we consider the case where it consists of a single prime 
q . A proof of the following result under the assumption that q is 
odd may be found in Le Veque [22], p. 52, Theorem 4-6. The extension 
to the case <? = 2 presents little difficulty, so we omit the proof. 
In the statement of the lemma we use the notation 
a \\h 
for positive integers a, b^ n to mean that cP divides b (denoted 
by a'\b but cp'^^ does not divide b . 
4»25 LEMMA. Let p and q be distinct primes and write 
e{n) = ord(p, cp) 
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for n = 1, 2, 3, ... . Define the ^positive integer d by 
i/ q 2 or if p = 1 (mod 4). , 
Ju 2 2 lip -1 if q = 2 and p = 3 (mod 4) . 
Then 
(i) e(n+l) = q.e(n) for all n > d ^  
(ii) e(l) 5 e(2) = e(3) = ... = e{d) ^  with equality except 
in the case where q = 2 and p H 3 (mod 4) . • 
To obtain the analogue of Lemma M-.2 5 when it is an arbitrary-
finite set of primes we make use of the following lemma. 
4.26 LEMMA. Let p, q^, ..., q^ be distinct primes and suppose 
m - q. a(l) a{r) [1 ••• 
for positive integers a(l), a(r) . Then ord(p, m) is the 
least oommon multiple of the numbers ord 
i = 1, 2, ..., r . 
Proof. Let us write 
k = ord(p, m) , 
P. . for 
kii) = ord P. a(i) 
I = [fed), kirn , 
where [fe(l), k(r)2 denotes the l.c.m. of k{l), kir) 
Then 
k p = 1 (mod m) 
and so 
k _ , p 1 mod q Oiii) for 1 < i < r . 
From the definition of kii) it follows that 
kii)\k 
for each i , and we deduce that 
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I k . 
Also since k{i)\l for each i we have 
and hence 
I 
p = 1 (mod m) 
giving 
k\l . 
Thus k - I , and the proof is complete. • 
We shall also need the following property of the least common 
multiple. 
4.27 LEMMA. Let q^, ..., be diatinat primes and let 
a, , ..., a^ he positive integers. There is a positive integer 
u = q 
k(l) k{r) 
suoh that if a(l), a(r) are positive integers with 
a{i) > kii) 
for each i j then 
a(l) a(r) a = (l/u)q 
a(l) a(r)r-
Proof. We may clearly assume that a ^ , ..., a^ are not 
divisible by primes other than q ^ , ..., q ^ . Suppose that, for 
1 5 -i 5 r , the number a . has prime factorization 
where j ) > 0 , for each i and J . Then the l.c.m. of 
a ^ , ..., a ^ is given by 
^a^, ... , a J = q J = 'P 
where 
71 
3(j) = inax{3(i, J) : 1 < i 5 r} . 
Define non-negative integers kil), k(r) by 
kii) = 3(i) - i) 
for 1 S 5 , and set 
- M ^ ) u = q 
kir) 
r 
If the numbers a(l), a(r) satisfy 
a(i) > k{i) 
for 1 < i < T , then 
a(i) + ^{i, i) > 3(i) , 
so that the l.c.m. of the numbers q 
a(l) 
a 
a(r) ... a^ is given by 
a ( r ) a(i)+3(-i,i) 
^ 
Q 5 
which is the result required. D 
Combining these last three lemmas, we can now prove the following 
result, which underlies much of the work in the rest of this chapter. 
4.28 LEMMA. Let tt = {q^, ^J a finite set of primes 
and let p be a prime not belonging to tt . There is a -number m 
with the property that^ for any -n-nimber n divisible by m , we 
have 
ord(p, n) = (n/m)ord(p, m) . 
Proof, By Lemma 4.25 there are positive integers dil), ..., dir) 
such that whenever n > dii) we have 
ord P . 
n+1 
= q-.ord 
n 
P . 
Write 
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a . = ord ^ 
dii) 
If t > d{i) then we have 
ord 
, for 1 < t 5 r . 
= q- a. . (1) 
Now by Lemma 4.27 there are non-negative integers 
k(l), kir) with the property that, for any integers 
a(l), air) satisfying 
aii) > kii) , for 1 < i < r , 
we have 
a(l) 
• 
q^- 'a,, ..., "a air) r "r - aMqf'^ 
air) r 
(2) 
where u is independent of a(l), a(r) . 
Let m - q^ ••- q^ If n is a TT-number 
divisible by m then n has the form 
^ _ s(l) sir) 
n = q^ q^ 
where sH) > dii) + kii) for each i . 
Using Lemma 4.26 we find that 
ord(p, n) = sil) ord , ... , ord r 
sir)-dir) u 
r r a^, ' • "a by (1) 
by equation (2). Also 
ord(p, m) = il/u)q^ kil) 
sir)-dir)r^ q a^ , 
^r ^ 1 
V 
a. 
by the same argument. 
Hence 
ord(p, n)/ord(p, m) = sii)-dii)-kii) 
= n/m , 
giving the required result, • 
73 
With all these lemmas at our disposal, we can now turn to the 
proof of the first theorem of this chapter, which concerns systems of 
imprimitivity of irreducible modules for radicable abelian groups 
satisfying Min . 
4 . 2 9 THEOREM. Let A he a radioahle abelian group satisfying 
Min and let V he a non-trivial ivveduoihle Z^A-moduley for some 
prime p . Let it be the set of all primes q suah that A/C^(V) 
has an element of order q . 
There is a i^'-number m ^ depending only an p and it j with 
the following property: if F is any finite subgroup of A suah 
that \F/C^iV) is divisible by m ^ then V has a system of t 
imprimitivity consisting of conjugates of an irreducible -module 
X 
V J and 
= F.Z^iV) = FX^iV) . 
Proof. Assume first that C^(^) = 1 > i-®- ^^^^ ^ ^^^^ 
faithfully on V . Then by Lemma 4.22 there is a monomorphism 6 
from A into the multiplicative group of the field GF [p ] such 
that V is isomorphic to the Zpi4-module KiQ) defined in 4.21. 
Without loss of generality we may therefore suppose that V = K(.Q) . 
For any subgroup A^ of A the irreducible Z^>l^-module 
associated with the restriction of 6 to A^ is a subspace of 
K{Q) . Moreover if A^ is a second subgroup of A with , 
and if 62 denotes the restriction of 6 to A^ , then we have 
c 7^ (62) . 
Thus the mapping A^ ^  is an order-preserving correspondence 
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between the subgroups of A and certain subspaces of X(d) . 
Now our assumption that A acts faithfully on = Z(6) 
implies that >1 is a locally cyclic p'-group, by Lemma 4.22 ftitj. 
Since A is also radicable, we have 
A ^ A , 
where, for each i? ^ tt , A is a group of type C ^ . Moreover TT 
q 
is a finite set since A satisfies Min . 
Using Lemma 4.28 we now choose a TT-number m such that, for 
every TT-number n divisible by m , have 
o r d ( p , n) = in/m)ordip, m) . 
Suppose F is a finite subgroup of A having order k^ divisible 
by m . We choose finite subgroups ^q ' '^l' ' " " ^^^^ 
F - F < F < 
and 
A = U F 
i>0 ^ 
and we let 
be the chain of associated subspaces of Z(6) , with 6. denoting 
the restriction of 9 to F . for each i . Every k[Q.] is an 
irreducible Z F.-module, and F . acts faithfully on for 
pi 1 1 
each i . Since 0 ^ c , we have 
= (i = 1, 2, 3, ...) 
and similarly 
Z O ) = Z^GQ) . 
Let us write k. = \F. , for i = 0 , l , 2 , ... . By Lemma 
1 
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4.22 (iv) we have 
dim Z(e,) = ord(p, fe.) . % 1, 
Since -^ Q' ^^^ subgroups of A , the numbers 
k^^ k^, k^^ ... are all ir-numbers; and each one is divisible by 
m , for by hypothesis m divides ^q - - Thus by our choice of 
m we have 
dim Z(e^) = ord(p, k^] 
= [k./m]oTd(p, m) 
for each i , and hence 
dim = [k^/k^] dim zie^] 
= \F. : F j dim zle^) . 
We are thus in a position to apply Lemma 4.24. Setting 
U - -^ I^SQ) S we deduce that V has a system of imprimitivity 
consisting of conjugates of the irreducible Z^F-module U , and that 
H.iU) - F , as required. This completes the proof of the case where /I 
z^m - 1 . 
Suppose now that # 1 . Applying the above argument to 
the factor-group A/C^(V) , we can find a TT-number m such that the 
conclusions of the theorem are valid with A replaced by . 
Suppose that F is a finite subgroup of A such that 
divisible by m , and set F'^  = F.C^(F) . Then 
F/C^(7) = F/(FnC^(7)) = FVC^(F) 
so that m divides |F'^/C^(F)| , and hence 7 has a system of 
imprimitivity consisting of conjugates of some irreducible 
is 
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ZpF't-module U-, and 
i^iU) = F'^ = F.C^iV) . 
As F is a direct sum of conjugates of U we have = ' 
and so also 
= FX^(U) . 
Since U is clearly also irreducible as a Z^F-module we thus obtain 
the required result. • 
4.3 Systems of Imprimitivity for Indecomposable Modules 
In section 4.2 we studied systems of imprimitivity for 
irreducible Z^:4-modules, where A was a radicable abelian group 
satisfying Min . We now study the systems of imprimitivity for the 
indecomposable modules which are associated with quasi-radicable 
metabelian groups satisfying Min-n . We prove a generalization of 
Theorem 4.29 which is valid for these indecomposable modules: this 
will constitute the main step in the proof of our ultimate goal. 
Theorem 4.41. 
We first quote the following result, which is essentially Lemma 
2.3 of Hartley and McDougall [12], and plays an important role in the 
results of this section. 
4.31 LEMMA. Let p be a prime and A an abelian p'-group, 
and let W be an irreducible l^A-module. 
( i ) The divisible hull of VI admits an A-module structure 
extending that on VJ suoh that the only proper submodules of ^ are 
the submodules f/jj?^  ^ for n = Q, 1, 2, ... . 
( i i ) If V is any indeaomposable A-module having a submodule 
isomorphic to W ^ then any monomorphism from this submodule into ^ 
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oan be extended to a monomorphism from V into W . • 
Notice that ( i i ) implies that two d i f f e rent i4-inodule structures 
on W extending that on W must give r ise to isomorphic modules. 
The next lemma provides the key to the proof of Theorem 4,33. 
4.32 LEMMA. Let A be a group and B a subgroupj and let V 
be an A-module having a system of imprimitivity consisting of 
conjugates of some B-module U . Suppose that 
= B.C^(U) 
and suppose further that the divisible hull U of U admits a 
B-module structure extending that on U j with the property that 
C^iU) = C^iU) . 
Then the divisible hull V of V admits an A-module structure 
extending that on V ^ and the conjugates of U form a system of 
imprimitivity for V . Moreover 
and 
C/U) = C^iU) . 
If in addition the underlying group of V has prime exponent p ^ 
then for each positive integer n the conjugates of U\p \ form a 
system of imprimitivity for V[p J and 
N^li/Fp'tl) = N^(i^) 
and 
Proof. Let N = , Since N = B.C^iU) , we can view U 
as an /l/-module. By assumption U has a S-module structure extending 
that on U , and we can give U an /l/-module structure by making 
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C.([/) act trivially also on U . This gives a well-defined action 
/i 
in view of our assumption that 
= Cg(£/) = B n C^iU) . 
Now let r be a transversal to N in A . The set 
{Ut : t ^ T} 
is a complete set of conjugates of U , and so 
V = @ Ut . (1) 
t^T 
Let F' = J/ ® ZA be the induced i4-module associated with U ; 
IN 
then V' has a direct decomposition as an abelian group 
V = @ U ® t (2) 
t^T 
and we obtain an -isomorphism between F' and V by extending 
the mapping 
u® t ^ ut iu ^ U, t ^ T) 
to all of V by linearity. 
Now V is a submodule of the induced module 
V' = U (d lA 
IN 
and as above we have an abelian group direct decomposition 
F' = © i/ ® t . (3) 
t^T 
But U t is evidently the divisible hull of U ® t , for each 
t ^ T . Since the divisible hull of a direct sum of abelian groups 
is the direct sum of the divisible hulls of the factors, we have an 
isomorphism of abelian groups 
V = V' , 
extending the ^-isomorphism 7 = 7 ' described above. Therefore we 
can use the i4-module structure on 7' to endow 7 with an 
>l-module structure extending that on 7 . We then obtain an equation 
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V = ® Vt 
tiT 
(4) 
c o r r e s p o n d i n g t o ( 1 ) . Hence t h e c o n j u g a t e s of T) form a system of 
i m p r i m i t i v i t y f o r V and we have 
N^(^) = = . (5) 
By our d e f i n i t i o n of t h e ^-module s t r u c t u r e on IJ we have 
and from (5) we have C^(i^) - ^ so we deduce t h a t 
= , (6) 
as r e q u i r e d . 
F i n a l l y suppose t h a t t h e u n d e r l y i n g group of V has exponent 
p . From (4) and (5) we o b t a i n 
tiT 
and 
r,r rv 
Also we have 
U = J/[p] < < u 
so from (6) we deduce t h a t 
comple t ing t h e p r o o f . ^ 
4.33 THEOREM. Let A be a radioable ahelian groicp satisfying 
Min and let V he a non-tvivial indecomposable A-module satisfy%ng 
mn-A . Let tt be the set of primes q such that A/C^iV) has an 
element of order q and suppose that the underlying group of V is 
a p-group for some prime p not belonging to tt . 
There is a T\-number m , depending only cn p and tt ^  with 
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the following property: if F is any finite subgroup of A suoh 
that |F/C^(7)| is divisible by m ^  then there is an indeoomposable 
F-module V satisfying Eiu-F suoh that 
n^iU) = FX^iU) = F.C^(V) 
and the conjugates of U in A form a system of imprimitivity for 
V . 
Proof. We assume that ^^^^^ ~ ^ • general case fo l lows 
from this case exact ly as in the proof of Theorem M-,29. 
Since V s a t i s f i e s Min-i4 i t has an irreducible submodule . 
Clearly pf/ = 0 , so we may view N also as a Z^i4-module. Lemma 
4.31 now shows that the d i v i s i b l e hul l W of W admits an i4-module 
structure extending that on W , and that V is isomorphic to a 
submodule of W . Since the only proper submodules o f W are the 
submodules , f o r n = 0 , l , 2 , . o , , i t w i l l be enough f o r the 
proof of the theorem to show that W can be given an i4-module 
structure extending that on W such that the conclusions of the 
theorem are va l id with V replaced by W or by any of the submodules 
, n = 0 , l , 2 , . . . . 
Now the module W s a t i s f i e s the conditions o f Theorem i4.29: 
l e t m be the IT-number associated with W by Theorem 4.29. Suppose 
f i s a f i n i t e subgroup of A whose order i s d i v i s i b l e by m . 
Theorem 4.29 shows that there i s an irreducib le F-module U with 
= FS^iU) = F 
such that the conjugates of U in A form a system of imprimitivity 
f o r W . Clearly O^iU) = 1 . 
By Lemma 4.31 the d i v i s i b l e hul l U of U admits an F-module 
structure extending that on U such that 
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C^iU) = C^iU) = 1 
and we also conclude from Lemma 4o31 that the only proper F-sub-
modules of U are the submodules j , f o r n = 0 , l , 2, . . . . 
In part i cu lar U i s an indecomposable i^-module sat is fy ing Min-F 
and the same is true of each of the submodules U . 
Now we are in a pos i t ion to apply Lemma 4,32. We conclude from 
this that W has an i4-module structure extending that on W such 
that the conjugates of U form a system of imprimitivity f o r W and 
= = F ; 
a l s o , f o r each n > 1 , the conjugates of U form a system of 
imprimitivity f o r W and 
The ^-module structure we have assigned to W depended on the 
choice of the f i n i t e subgroup F . However, as we have already 
noted, d i f f e rent i4-module structures on W extending that on W 
give r i se to isomorphic modules. Since the properties we wish to 
establ ish are isomorphism-invariant, i t fo l lows that the conclusions 
of the theorem are val id f o r W and i t s submodules W 
(n = 0, 1 , 2 , . . . ) , independently of the choice of i4-module 
structure. Therefore the theorem is proved. • 
4.4 The Main Theorem 
We now apply the results of sections 4.2 and 4.3 to deduce the 
main theorem of this chapter. For convenience we repeat the statement 
of the theorem again here. 
4.41 THEOREM. Let G be a quasi-radiQable metabelian group 
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satisfying Min-n and let A he a oomplement to ff' in G . Then 
G^ is expressible as a diveot product 
(7' = 7 X X y 
1 n 
of a finite number of normal subgroups of G such thatj 
for i = l , 2, n J the group 
G. = Y.A ^ % 
has the following structure: 
( 
G. = [/. wr„ A. % F. % X B. ^ 
where V., F., A. and B. ore subgroups such that % % % % 
(i) A- A.^B., 
(ii) F. is finite3 'X' 
(Hi) U.F. X B. is a group satisfying Min . ly % "V 
Proof . I f G i s abelian the result i s t r i v i a l , so suppose 
G' ^ 1 . Write 7 = 6 ^ ' . We may view 7 as an 4-module, with the 
elements o f A acting on 7 by conjugation. Since G s a t i s f i e s 
Min-n , 7 s a t i s f i e s Min-^ and hence i s a d i rec t product 
7 = 7^ X , . o X 7^ 
of a f i n i t e number of indecomposable /4-submodules 7^, 7^ . 
To prove that 7^, 7^ have the propert ies described in the 
theorem i t i s c l ear ly enough to deal with the case n = 1 . Therefore 
we now assume that 7 i t s e l f i s an indecomposable .4-module. 
By Baer's Theorem (Theorem 3.15) G i s p e r i o d i c , and i t fo l lows 
that the underlying group of 7 must be a p-glroup f o r some prime 
p . Theorem 3.31 shows that each Sylow p-subgroup of G i s abel ian, 
so A/C^(V) i s a p ' - g r o u p . Also C^(7) < A because we have assumed 
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G non-abelian. 
Now C^(^) is 3.n abelian group satisfying Min so we can write 
C.d') = X 
where S^ is radicable and C^ is finite. Since a radicable 
subgroup of an abelian group is a direct summand, also has a 
direct complement A^ in A , and we may further assume that 
- ' = 1 the subgroup B^ is normal in G and 
we have 
G = VA^ X B^ . (1) 
We may now view V also as an indecomposable ;4^-module. We 
have C^ (7) = n = , so C^ (V) is finite. Furthermore, 
^I^^A ^^^ ^^ isomorphic to i4/C^(7) and so is also a non-trivial 
radicable p'-group. 
The conditions of Theorem M-,33 are now satisfied by 7 and 
A^ . Suppose 7T is the set of primes q such that ^^.^^A ^^^ ^^^ 
an element of order q , and let m be the ir-number associated with 
V and i4, by Theorem 4-.33. The group A /Z. (7) has a direct 
1 i 
summand of type C ^ for each prime q in it , and hence has also 
a finite subgroup F / C . (7) of order divisible by m . Since 
C , (7) is finite, the subgroup F is also finite. Thesorem 4.33 
shows that there is an indecomposable F-module U satisfying Min-F 
such that the conjugates of U form a system of imprimitivity for 7 
and 
= F X / V ) = F , 
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Since the systems of impriinitivity for 7 as a module coincide 
with its systems of imprimitivity as a normal subgroup, we see that 
the group VA^ satisfies the criterion of Lemma 4ol3 for a group to 
be expressible as a twisted wreath product. Thus we have 
= V wr^ , 
so that by (1), G is expressible in the form 
G = [U wr^ A^ X B^ . 
We already know that A - A^ B^ and that F is finite, so to 
prove the theorem it remains to establish that VF is a group 
satisfying Min , 
Now U satisfies Min-i^ by its construction, and F is finite, 
so the group UF satisfies Min-n , As \lIF lj\ = \F is finite, 
Wilson's theorem (Theorem 3.21) shows that V also satisfies Min-n . 
But V is abelian, so U satisfies Min and therefore so does 
VF . This completes the proof of Theorem 4.41. • 
With certain extra restrictions on the groups involved. Theorem 
4.41 takes on a simpler form. In particular, the following result is 
immediate from Theorem 4,41, 
4.42 THEOREMo Let G be a quasi-radicable metahelian group 
satisfying Min-n and suppose that 
(i) G is directly indeoomposabley 
(ii) G' is directly inde compos able as a G-module (i.e. G^ 
is not a direct product of two non-trivial normal 
subgroups of G ). 
Then G is expressible as a twisted wreath product 
G = U mp A ^ 
where A is a radicable abelian group satisfying Min and UF is 
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also a group satisfying Min ^ with F a finite subgroup of A and 
U a subgroup of G' . • 
We note in particular that the conditions (i) and (ii) of Theorem 
4.4-2 are satisfied when G is monolithic (i.e. when the intersection 
of the non-trivial normal subgroups of G is non-trivial). This 
shows that the description of Theorem 4„42 applies to Sarin's groups 
(see section 3.61) for these groups are certainly monolithic. 
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CHAPTER FIVE 
A METHOD FOR CONSTRUCTING GROUPS SATISFYING MIN-i7 
We describe in this chapter a method f o r constructing groups 
sa t i s f y ing Min-n by means of a process of embedding wreath products 
into treble products. Using this method we obtain examples o f quasi-
radicable soluble groups of derived length three which s a t i s f y Min-n 
but have Sylow p-subgroups which are not hypercentral. Also we 
construct quasi-radicable soluble groups of arb i t rar i ly large derived 
lengths each of whose normal subgroups form a well-ordered chain 
(when ordered by se t - theore t i c inc lus ion) consisting o f the terms of 
the derived ser ies together with subgroups containing the derived 
group. In each of these groups the derived ser ies is also the 
shortest ser ies with ni lpotent fac tors : hence there i s also no bound 
to the ni lpotent lengths of the groups. 
By the same process we are able t o establish the existence of 
2 " pairwise non-isomorphic per iodic l o c a l l y soluble per fect groups 
in each of which the normal subgroups form a chain of order type 
0) + 1 . An example due to McLain [26] establishes the existence of 
two non-isomorphic groups with these propert ies , f o r the group 
constructed by McLain has prec ise ly two isomorphism classes o f non-
t r i v i a l homomorphic images. We show that , in contrast to t h i s , the 
c lass of groups we construct includes an uncountable number of 
Hopfian groups. 
5,1 The 3-step Soluble Case 
We r e c a l l from Chapter 2 that any treble product 
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T = Tr(A, B, C; O, x) 
of three groups A, B^ C has the property that (A, C) is a wreath 
product i4 wr C . Thei groups we construct in this section are 
obtained by starting from a wreath product W = A vrr C , and defining 
homomorphisms 
O B Aut A , 
T : C -> Aut B , 
for some group B , such that f/ is embedded in the treble product 
T = Tr(^, S, C; a, x) . 
In particular we shall show that if ^ is a cyclic group of prime 
order then it is often possible to carry out this embedding so that 
the base group of W becomes a minimal normal subgroup of T . 
To do this we make use of the following lemma, which is of great 
importance for this chapter» 
5oll LEMMAo Let G = IriA, 5, C; a, x) ^  where A is a 
ayolio minimal novmal subgroup of AB » If the condition 
C^{b/C^(A)) = 1 
Q 
is satisfied in G , then A is a minimal normal subgroup of G . 
Proof. Write C* = , and suppose there is a normal 
n 
subgroup N of G with 1 N < A « We shall deduce from this 
that # 1 . 
Q 
Since A^ = Dr A'^ , each non-trivial element x ^ A can be 
Q^C 
expressed as a product 
X ^ a^ % ^^^ 
where a^, ».., a^ are non-trivial elements of A and o^ 
are distinct elements of C , and this expression is unique apart from 
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n the ordering of the terms a^ , <, o = , a^ . We shall refer to the 
integer n as the span of x and denote it by s(a:) . 
Choose an element x i^- 1 in N of minimal span, say s(x) = n , 
and suppose (1) is the expression for x in terms of its projections 
in the factors A „ Since any conjugate of x in C has the same 
span and also lies in il/ , we may suppose that = 1 o If n = 1 , 
then X (i A and hence 
N > < x )^ = / , 
because is a minimal normal subgroup of AB „ But this contradicts 
our choice of N » Therefore n > 1 . 
We claim that o^ € C* , To prove this, we suppose on the 
contrary that a^ C* . Then also a^ ^ C"^  , so there is an 
element b i B such that 
As C_(i4) = ker a , this is equivalent to 
B 
a ^ b " ( 2 ) 
Now i4 is a cyclic group, so there is an integer m ^ 0 such 
that 
b b m a - a -a (3) 
for each a ^ A . Let y = x ^x^ \ then zy ^  il/ and we have 
y = 
mo - 1 
a n n 
b 
-m b 
^2 ^2 
-mo b Q n n n a a n n 
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- 1 o. 
where b. = h for 2 S i S n . Thus the projection of y in the 
factor A of the direct product Dr A is 
-m h 
= 
a N-1 
a. 
by (3), On the other hand, the projection of y in i4 ^  is 
- 1 r 
n a a n n 
I. ) 
b -m n a a n n 
^ 1 
since h and b^ = b are distinct automorphisms of A by (2), 
and A is generated by the element a . Therefore y is a non-
trivial element of N with span less than n , and we have a 
contradiction to our choice of cc » We conclude that 1 ^ € , 
and from this the required result follows immediately. • 
Unfortunately Lemma 5.11 no longer remains true if the word 
'cyclic' is omitted, as the following example shows. 
EXAMPLE. Let G = Tr(^, S, C; a, x) , where ^ = <a^> x <a^> 
is a direct product of two 2-cycles, B - (b) has order 3 and 
C = (o) has order 2 , and the homomorphisms a, T are such that 
the relations 
b b 
b^ = b-^ 
are valid in G . Then the split extensions AB and BC are 
isomorphic to the alternating group A^ and the symmetric group S^ 
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r espec t i v e l y . Hence A i s a minimal normal subgroup of AB and 
Cg(^) = = 1 , so that we certa in ly have 
= 1 . 
However, = < a^ > x < a^ > x ^a^^ x is not a minimal normal 
subgroup of G since i t properly contains the non- t r i v ia l normal 
/ c?\ ^ / c \ subgroup x • 
In applying Lemma 5.11 we shal l take C to be a l o ca l l y cyc l i c 
q-group, f o r some prime q , and show that we can choose an elementary 
abelian group f o r B so that the normal subgroups of G form a we l l -
ordered chain. To do this we need to ensure that the normal subgroups 
of the s p l i t extension BC form a well-ordered chain, since BC i s a 
homomorphic image of G . We now consider a class of metabelian 
groups which furnishes some candidates f o r the group BC . 
The fo l lowing term was introduced by B.H. Neumann [27 ] . 
5.12 DEFINITION. A group G i s said to be a oust metabelian 
group i f G i s metabelian and every proper homomorphic image of G 
i s -abe l i an , but G i t s e l f i s non-abelian. 
The part icular just metabelian groups we consider belong to the 
class of just metabelian groups with t r i v i a l centre, studied in 
de t a i l by M.F. Newman in [31 ] . Following Newman we r e f e r to these 
l a t t e r groups as JM-groups. We now quote without proof some facts 
concerning JM-groups established in [31 ] , which i t w i l l be convenient 
to have at our disposal . 
5.13 LEMMA ( [ 3 1 ] , Theorems 3.4 and 3 .5 ) . Let G be a JM-
group. Then 
(i) G splits over its derived group G' , 
(ii) G^ ooinaides with its oentralizer in G y and 
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(P' = CG', c] 
for each element a ^ C not belonging to G' . • 
The groups we now define are, to within isomorphism, precisely 
the groups of linear inhomogeneous substitutions studied in section 
5 of [31]. 
5.14 DEFINITION. Let be a field and A a subgroup of the 
multiplicative group of ^ . Denote by L(A, fi) the subgroup of 
GL(2, J^ ) consisting of all matrices of the form 
"X 
00 1 V • 
where X € A and oo € fi . 
The following result is immediately deducible from Theorem 5.3 
of [31]: we omit the proof. 
5.15 THEOREM. If L(A, fl) is non-abelian and the elements of 
A generate the additive group of Q ^ then L(A, fl) is a JM-group. 
In this case the derived group of L(A, is isomorphic to the 
additive group of and is complemented by a subgroup isomorphic to 
A . • 
We now define a special class of groups of the type considered 
in Theorem 5.15. 
5.16 DEFINITION. Let p and q be distinct primes and let n 
be a positive integer or the symbol °° . Let be the field 
obtained from the prime field F^ = GF(p) by adjoining a primitive 
(7^-th root of unity for each positive integer k not exceeding n • 
k 
(when n = °° we mean by this that we adjoin A primitive q -th 
root of unity for every positive integer k .] Let A^ be the 
subgroup of the multiplicative group of F generated by these fL 
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primitive roots of unity. We write H{p, q^] to denote the group 
l[A , F ] associated with A and F . n* n^ n n 
We can now eas i ly establ ish the fol lowing properties of the 
groups H[p, q^] . 
5.17 LEMMA. Let p and q be distinct primes and let 
H = H{p ^ q^] where 1 < n s °° . Then H has the following 
properties: 
(i) H is a JM-groupj 
(ii) H' is an elementary abelian p-group and is complemented 
in H by a subgroup C of type C ^ ^ 
(Hi) IH' , c] = for all a ^ 1 in C ^  
(iv) the normal subgroups of H form a well-ordered chain. 
Proof. It i s immediate from the de f in i t ion o f the f i e l d F^ 
that the elements of A^ generate the additive group of F^ . Also 
E i s non-abelian [since \f^ \ > 2 f o r every value of n } , so (i) 
fo l lows from Theorem 5.15. 
Theorem 5.15 also shows that H' is isomorphic to the additive 
group of F^ and hence must be an elementary abelian p-group, and 
that H^ has a complement C which i s isomorphic to A^ and hence 
i s a group of type C ^ . Thus (ii) i s proved. 
a 
Statement (Hi) fo l lows from Lemma 5.13 (ii). 
To prove (iv), suppose 1 i: N H . Because E is a. JM-group, 
E' < N , and therefore using (ii) we have 
N = N n E'C 
= E'(.NnC) . 
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This shows that every non-trivial normal subgroup of H has the form 
H^D , where D S C . As the subgroups of C form a well-ordered 
chain, so therefore do the normal subgroups of H . This completes 
the proof. • 
Remark. Sarin's groups are isomorphic to the groups } , 
as we see from the representation by matrices described in Chapter 3 
(section 3.61). 
We now make use of the properties of the groups ^^(p, q^^ to 
prove the main theorem of this section. 
5.18 THEOREM. Let q^ and q^ be (not necessarily distinct) 
primes and n a -positive integer or the syrrbol °° y and let A he a 
cyclic group of order q and C a group of type C ^ . 
If p^ is any prime such that Pj_kQ-l ^ 
the wreath product 
W = A C 
can be embedded in a treble product 
G = TviA, B, C; a , x) 
in which B is an elementaj[>y ahelian p^-group^ so that G has the 
follcfwing properties: 
(a) G" = A^ and G' = A^B , 
(b) the normal subgroups of G form a well-ordered chain 
consisting of the terms of the derived series and subgroups 
of the form G'D , where D < C ^ 
(c) ZJG^^^G^^^^^] -- G^^'^ for i = 0, 1, 2 . 
Proof. Let H = H 
n 
Pn > . By Lemma 5.17 (ii), H' is an 1' 
elementary abelian p^^-group and is complemented in by a group 
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isomorphic to C . We take B to be a group isomorphic to H^ and 
define a homomorphism 
1 : C ^ Aut B 
such that the split extension B ] C is isomorphic to E . 
T 
Since p^lq^-l , the group A has an automorphism a of order 
p^ . Because B is an elementary abelian p^-group, there is a 
homomorphism 
a : B ^ Aut A 
such that = < a > . 
With B, O and x defined in this way we let 
G = TviA, S, C; a, x) . 
Clearly W < G \ we now show that G has the properties (a), (b), 
rc;. 
First we show that G satisfies the conditions of Lemma 5.11. 
Clearly is a cyclic minimal normal subgroup of AB . Moreover, 
since O is a non-trivial homomorphism from B into Aut A we have 
C^(^) = ker a < B . (1) D 
Let C* - CJb/C (A)] , and suppose, if possible, that C* 1 . G u 
n 
Pv Then there is an element c 1 in C* . Since BC = H 
Lemma 5.13 (ii) and the inequality (1) imply that 
B = [B, c] 5 C ^ U ) < B , 
which is obviously a contradiction. Therefore = 1 , and we infer 
Q 
from Lemma 5.11 that A is a minimal normal subgroup of G . 
C C Now let N < G such that A < N . As G = A BC and 
n /I n BC = 1 , we have 
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N = A^(NnBC) 
and 
N n BC i: 1 . 
However by Lemma 5.17 (i) every non-trivial normal subgroup of BC 
contains B , and so B < N . Thus 
N n BC = B(NnC) 
C and consequently N = A B(NnC) . Hence we have shown that every 
Q 
normal subgroup of G which properly contains A has the form 
n A BD i where D < C • 
Suppose next that 1 i: N G but A ^ N . Then A n N = 1 , 
so < ' 
B n < B n C^(A) = C^U) 
< B by (1) 
and hence 
A^B n = 
< A^B 
whence it follows that 
= / . (2) 
C C But this implies that 1 # il/ 5 .4 , and hence N = A , contrary to 
our choice of N . This contradiction shows that every non-trivial 
Q 
normal subgroup of G contains A , and it follows from the above 
Q 
that the only non-trivial normal siibgroups of G are A and 
Slabgroups of the form A BD , where D < C . As the subgroups of C 
form a well-ordere4 chain, so do the normal subgroups of G . 
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Now we have 
G/A'^B = C , 
G/A^ ='BC = H 
and 
A^B/A^ = B , 
C C so that G/A B is abelian but G/A is not, which implies that 
C C O c G' = A B ; and similarly A B/A is abelian but 4 B is not, which 
Q 
implies that G^^ - A . Combining these facts with those established 
in the preceding paragraph, we conclude that the only normal 
subgroups of G are the terms of its derived series and subgroups of 
the form G'O , where D < C . Thus we have proved (a) and (b). 
To prove (o) we need only consider the case t = 1 : for i - 0 
the assertion is trivial, and equation (2) gives the case i = 2 . 
Thus we need to show that 
= G' . 
Because A^ = G" 5 C^CG'/^?") , we have 
= = A^BC n 
= / , by the modular law. 
- • 
However since BC = H and B = H' (under the same isomorphism). 
Lemma 5.17 (iii) implies that 
- B , 
whence 
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C^iG'/G") = A^B = G' , 
and thus (a) is proved. • 
A special case of this theorem yie lds the fol lowing result . 
5.19 THEOREM. Let A and C he vesyeatively a ayolia group 
of order q^ and a quasioyalio q^group, where q^ and q^ are 
(not necessarily distinct) primes. If there extsts a prinie p^ such 
that and p^ # q^ then the wreath product A wr C can he 
embedded in a quasi-radicable soluble group of derived length 3 
whose normal subgroups form a chain of order type w + 1 . 
Proof. Suppose p^ is a prime such that and 
p^ ^ , and l e t 
G - TviA, B, C-, a, T) 
be the group constructed by the method of Theorem 5.18 (taking 
n = °° ) . Then the only non-tr iv ia l normal subglroups are G" and 
the subgroups containing G' . But G/G' = C , and C is a quasi-
cyc l i c group so i t s subgroups form a chain of order type OJ + 1 . 
Therefore the normal subgroups of G also form a chain of order 
type 03 + 1 . 
From this i t fol lows that the unique maximal element of this 
chain of normal subgroups, namely G i t s e l f , has no immediate 
predecessor. Hence G has no proper normal subgroups of f i n i t e index and 
is therefore quasi-radicable. 
Finally since i4, B, C are abelian, G i s c learly a soluble 
group of derived length 3 . • 
COROLLARY. Let q he any odd prime. There is a quasi-
radicable soluble group satisfying Min-n which has a non-
hypercentral Sylow q-subgroup. 
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Proo f . Let A he a c y c l i c group o f order q and C a quas i -
c y c l i c <7—group. Since q i s odd there i s a prime p^ such that 
p^\q-l (and hence a l s o p^ q ) . Taking q^ = q^ == q in the 
theorem, we deduce that A wr C can be embedded in a q u a s i - r a d i c a b l e 
s o l u b l e group 
G = Tr(^, B, C-, 0, x) 
of der ived length 3 which s a t i s f i e s Min-n . Since fl i s a 
p^ -group , A vjr C w i l l be a Sylow q-subgroup o f G . However i t i s 
well-known that a wreath product o f a n o n - t r i v i a l group and an 
i n f i n i t e group always has t r i v i a l centre (see e . g . P.M. Neumann [ 3 0 ] , 
C o r o l l a r y 3 . 4 ) . Hence i4 wr C i s a non-hypercentral Sylow 
q-subgroup of G . • 
5.2 The General Construction 
The s t a r t i n g - p o i n t f o r the construct ion o f the r e s t o f our 
examples i s the f o l l o w i n g theorem, which i s r e a l l y only a s t r a i g h t -
forward extens ion o f Theorem 5 .18 . 
5.21 THEOREM. Let q^ and q^ be (not neoessaHly distinct) 
primes, and let p^ he a prime suah that p^ t q^ and p^ q^-l . 
Let A be a group suah that \A/A'\ = q^ and let C he an abelian 
group of type C ^ , where 1 < n 5 °° . 
If A has an automorphism of order p^ whiah acts non-
trivially on A/A' , then the wreath product i wr C can be embedded 
in a treble product 
G = lv{A, B, C; a , t ) 
in which B is an elementary abelian p^-group, so that 
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=A 3 G" = A'^ , 
and the only other normal subgroups of G containing G'" are those 
of the form G'D ^ where D < C . 
Proof. The construction is similar to that of Theorem 5.18. 
Let H = H n By Lemma 5.17, H^  is an elementary 
abelian p^-group and is complemented by a subgroup isomorphic to 
C . We take B to be a group isomorphic to H' and define a 
homomorphism 
T : C -> Aut B . 
such that the split extension S ] C is isomorphic to H . 
T 
By hypothesis, A has an automorphism, a say, of order p^ 
which acts non-trivially on A/A' . As S is an elementary abelian 
p^-group there is a homomorphism 
a : 5 ->• Aut A 
such that b'^ = (a.) . We define 
G = TriA, B, C; a, T) 
and show that G has the required properties. 
Let M denote the normal closure of A' in G . Because 
/ = / = Dr ^^ 
o^C 
n 
the factor-group A /M is expressible as a direct product 
= Dr A^iA'f 
o€C 
and we see that 
A^C/M = (A/A' ) wr C . 
The elements of b'^ induce automorphisms on A^/M and it can easily 
be verified that 
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G/M = IvU/A' , 5, C; a, T) , 
where 0 : S ^ Aut A/A' is defined by taking to be the 
automorphism induced on A/A^ by b^ , for each b i B . 
As A/A' is a cyclic group of order q^ and a induces a non-
trivial automorphism on A/A' , the group G/M is isomorphic to one 
of the groups constructed by the method of Theorem 5.18. It follows 
f-i 
from the facts proved in Theorem 5.18 that A /M is contained in 
every non-trivial normal subgroup of G/M , and G/M has derived c r length 3 . Since G/A is metabelian, we have G" - A and hence 
= (/)' (^A'f ^ M . 
It now follows from Theorem 5.18 that the only normal subgroups 
of G properly containing G"' are (?" and subgroups of the form 
G^D , where D < C . This completes the proof. • 
We now investigate what more can be said about the group G of 
Theorem 5.21 when we impose additional restrictions on 4 , or on the 
primes q^^ q^ and p^ . To begin with, we impose a condition on 
the central factors of A to ensure that the normal subgroups of G 
lying below G'" are easily described. 
For this we need the following result, which is an analogue for 
treble products of a well-known fact about wreath products. (See 
e.g. P. Hall [9], p. 431.) The proof is exactly as for wreath 
products, and is very simple, so we omit it. 
5.22 LEMMA. Let G be a treble product 
G = Tr(4, 5, C-, a, t) 
C 
and let N be a normal subgroup of G contained in A . Let L 
be the projeotian of N into the factor A of the direct product 
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Q 
A = Dr a'^ ^ and let M = A c\ N . Then L/M is a oentval faotov of 
o^C 
A . If L = M then N = iP . • 
5.23 COROLLARY. If the group A of Lemma 5.22 has A/A' as 
its only non-trivial central factor^ then every normal subgroup of G 
Q 
contained in (.4' ) is the normal olosicre in G of its intersection 
with A . • 
5.24 THEOREM. If^ under the assumptions of Theorem 5.21, the 
group A has A/A' as its only non-trivial central factor^ then the 
only normal subgroups of G are the subgroups containing G' and 
Q 
subgroups of the form N , where N A . 
Proof. By Theorem 5.21, the subgroups G" and G'" are normal 
closures in G o f normal subgroups of A . The group G s a t i s f i e s 
the conditions of Corollary 5.23, so any normal subgroup of G 
Q 
contained in G^ '" = is also the normal closure in G o f a 
normal subgroup of A . F inal ly , by Theorem 5.21 again, the only 
other normal subgroups of G are those containing G' . ^ 
The next result w i l l give us a method of i terat ing the treble 
product construction. It enables us to carry out the construction of 
the group G o f Theorem 5.21 in the case n = 1 so that G has an 
automorphism of prime order which acts non - t r iv ia l l y on G/G' . Then 
we may take G in place of A and use Theorem 5.21 1:o construct a 
second group with similar properties but o f larger derived length, 
and so on. 
We f i r s t r e c a l l the fol lowing de f in i t i on from elementary number 
theory. 
DEFINITION. A number n i s said to be a primitive root of a 
prime q i f the order of n modulo q i s equal to q - 1 . 
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5.25 LEMMA. Let p and q be primes suck that p is a 
primitive root of q ^ let H = H(p, q) ^ and let X he a Qyolio 
group of order p . If r is any positive integer dividing q - 1 ^ 
then there is an automorphism of H of order r which acts non-
trivially on H/H' and a homomorphism a from H' onto X such 
that (J)a = a . 
Proof. The group H consists of matrices over the f i e l d F^ 
obtained from F^ = GF(p) by adjoining a primitive q-th root of 
unity, say A . This element X is a root of the polynomial 
/ V Q-1 Q-2 p{x) = x^ i- x^ + . . . + a; + 1 
of degree - 1 over F^ , The degree of F^ over F^ is equal 
to the order of p modulo q and, since p is a primitive root of 
q , this is equal to q - 1 . It follows that p(x) is the minimal 
polynomial of X over F^ . 
Now Fj^  is a spl i t t ing f i e l d for p(x) and consequently the 
Galois group T of F^ over F^ is also the Galois group 
associated with the polynomial p(x) . As F^ = GF [p^ , the group 
r is cyclic of order q - 1 , and since r divides q - ^ there is 
an element T € F of order r . 
Define a mapping tj) by the rule 
X^  0 X ^ 0 
.a 1. ax 1. 
for 0 < i < q and o. i F^ . As x is a f i e l d automorphism and 
permutes the roots X, X^, X'^ "^  of p{x) , the mapping (p is 
an automorphism of ff , and i ts order is obviously r . 
The derived group of ff consists of a l l matrices over F^ 
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having the form 
1 0 
(a € F j . 
a 1 
V J 
The mapping associating such a matrix with its bottom left-hand entry 
a is easily seen to be an isomorphism of onto the additive 
group of . Now the elements A, X^, form a basis for 
as a vector space over F^ . Hence if we write 
= 
1 0 
X^ 1 
for 1 < i < q-1 , then H' can be expressed as a direct product 
H' = <a,> X ... X <a , > . 1 q-1 
We can therefore define a homomorphism a from H' onto X by 
specifying that 
a a. = X 
% 
for 1 5 i 5 q-1 , where x is a generator of X . Because T 
2 Q-1. 
permutes the elements X, X , ..., X^ , the automorphism (j) 
permutes the elements a^, a^, . From this we deduce that 
(t)a = CT as required. • 
In the next theorem we make use of the criterion provided by 
Lemma 2.43 (Chapter 2) for the existence of an automorphism of a 
treble product extending prescribed automorphisms on the three 
factors. 
5.26 THEOREM. Assume that the hypotheses of Theorem 5.21 are 
fulfilled with n = 1 and assume further that p^ is a primitive 
root of q^ . If p^ is any prime dividing - ^^^ 
G of Theorem 5.21 may be oanstruoted so as to have an automorphism 
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of order p^ whioh acts non-trivially on G/G' . 
Proof. Let H = ^ (p^, q^] and define the group B and the 
homomorphism T : C Aut B as in the proof of Theorem 5.21. 
Since BC = H we can make use of Lemma 5.25 to construct the 
second homomorphism O , as follows. By assumption A has an 
automorphism a of order p^ : applying Lemma 5.25 with X =< a) 
we deduce that there is a homomorphism 
a : B Aut ^ 
such that B^ = < a > and an automorphism cj) of BC of order p^ 
such that ct>a = a . 
Let G = Tr(^, B, C; a, T) . By its construction, the group G 
has the properties of the treble product of Theorem 5.21. We now 
make use of Lemma 2.43 to produce an automorphism of G of order 
P2 ' 
As (p is an automorphism of the split extension BC leaving 
both B and C invariant, we see from the Corollary to Lemma 2.43 
that the restrictions 3, Y of ^ "to B and C respectively 
satisfy 
YT „-l T„ 
a' = 3 c 3 
for all o i C . Also since ipa = a we have 
B^ "" = = 
for all b € B . Therefore the conditions of Lemma 2.43 are satisfied 
when we take the automorphism of A to be the identity automorphism. 
We deduce from Lemma 2.43 that G has an automorphism (j)^  
extending both 3 and Y and acting identically on A . Since both 
3 and Y are automorphisms of order p^ ' 
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G/G' = C , and Y is a non-tr iv ia l automorphism of C" , so cji^  acts 
non- tr iv ia l ly on G/G' . • 
The following rather cumbersome theorem is the main step in the 
construction of the rest o f our examples. 
5.27 THEOREM, Let k be a -positive integer and n either a 
positive integer or the symbol °° j and let q^, q^, ... , and 
p^, p^i ... ^ p-j^ be two finite sequences of primes suoh that 
(i) for 1 < i < fe , 
(ii) p. is a primitive root of q. for 1 < i S k-1 , 
(Hi) p^ ^ • 
There is a soluble group G = G. with the following properties. 
K. 
(a) the normal subgroups of G form a well-ordered ohain 
consisting of the terms of the derived series and subgroups 
H with G' < H < G ^ 
(b) G has derived length 2k + 1 ^ 
(o) Z^iG^^^G^^^^^] -- G^^^ , for 0 < t < . 
(d) ^ elementary abelian q^_^-group^ for 
1 < i S k , ^(2^+l)/^(2^+2) ^^ ^ elementary abelian 
p^ .-group^ for 0 5 t S k-1 ^ and G/G' is an abelian 
group of type C ^ . 
% 
In the aase n = 1 ^ if Py. is a primitive root of q^ and if 
Pk+1' '^k+1 distinct primes suoh that P^+^k^-l ^ ^^^n the group 
G. -, oan be embedded in the group G.^^ ^ corresponding to the 
rC j l ' 
sequences of primes q^, ' •' ^ ^k+1 ^^ ' ° " ^k+1 ^ such that 
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G, 
Proof. We prove by induction on k that the groups G. 
K, 
having properties (a)-(d) exist for every n and' k , and that, if 
p^ is a primitive root of q^ and r is any positive integer 
dividing - 1 , then G^ ^ has an automorphism of order r which 
acts non-trivially on G^ "J^k 1 ' 
For the groups G we may take the treble products 
X 
Tr(/4, B, C; a, x) constructed as in Theorem 5.18, choosing A. to be 
a cyclic group of order ^q > G to be a group of type C ^  (for 
the appropriate n ) and B to be an elementary abelian p^-group. 
These groups have properties (a)-(a) by Theorem 5.18, and also property 
(d) in view of the fact that 
G" = A^ = Dv a"" , 
o^C 
G'/G" = B , 
and 
G/G' = C . 
If further p^ is a primitive root of q^ and r is any positive 
integer dividing q^ - 1 then by Theorem 5.25 we can arrange that 
G has an automorphism of order r which acts non-trivially on 1 
Suppose now that k > 1 . By induction there is a group 
with properties (a)-(d) associated with the sequences of primes 
•••> ^nd q^, ..., . For simplicity of notation let 
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us write ^ ~ ± ' ^k-1 ^^ ^ primitive root of ^ and 
, we may suppose further that A has an automorphism of 
order' p^ which acts non-trivially on A/A' . Since A has property 
(d) , the factor A!A' has order ; also properties ia) and (c) 
imply that A/A' is the only non-trivial central factor of A . 
For each n with 1 5 n S °° , let C be a group of type C 
and let 
W = i4 wr C o n n 
The conditions of Theorems 5,21 and 5.24 are satisfied with C 
replaced by C^ and the primes , p^ occurring in the 
statements of the theorems replaced by P]^  respectively. 
We deduce that W^ can be- embedded in a treble product 
in which B is an elementary abelian p,-group, such that the 
n K 
conclusions of Theorems 5,21 and 5.24 are simultaneously valid. 
Now choose any n with 1 < n < °° , and write G - G^ ^ . We 
show that G has properties (a)-(d). 
By Theorem 5.24 the only normal subgroups of G are the subgroup-
Q 
containing G' and subgroups of the form N , where N < A . 
Because A has property (a), the latter subgroups all have the form 
where 0 S t 5 2k-l . However, by Theorem 5,21 we have 
= Dr a" = / (1) 
a€C 
so that 
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= Dr 
a^C 
-
Therefore every normal subgroup of G contained in G' coincides 
with some term of the derived series of G . Also, since G/G^ - C , Tl 
the subgroups containing G' form a well-ordered chain, and it follows 
that G has property (a). Moreover equation (1) shows that the 
derived length of G exceeds that of i4 by 2 , and hence is equal 
to 2k + 1 . Thus G has property (b), 
To prove that G has property (a), assume on the contrary that 
> G^^^ (2) 
for some i with 0 5 i < . We distinguish two cases. 
Suppose first that i > 2 . As G has property (a), the 
inequality (2) implies that 
< . (3) 
From (1) we see that each of the subgroups G^ '^  G^ '^^ ^^  is 
expressible as a direct product 
= Dr [A^'^-^Y . (t-1 5 J < i+1) . 
QiC 
Hence (3) implies that 
[•^ (i-3)^  
which is a contradiction, for A has property (q). 
Now suppose that i < 3 , As we remarked in the proof of 
Theorem 5.21 the factor-group G/G"> = G/{A')^ is isomorphic to the 
treble product 
T = Tr(i4/;4' , B, C) 
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formed using the natural action of B on A/A' . Since A/A' has 
order and B acts non-trivially on it, T is a treble product 
of the type occurring in Theorem 5.18. Therefore, by Theorem 5.18, 
we have 
However under the isomorphism between G/G"' and T the factor 
G^^^/G^'^^^^ corresponds to ^ go we deduce that 
which contradicts (2). 
These contradictions show that G has property (a). 
To prove that G has property (d) we observe that - • 
G/G' = C , a group of type C , Ti yi 
% 
G' /G^^ = B , an elementary abelian p,-group, n K 
and, for i > 1 , 
oiC 
and since A has property (d) ^  this implies that (d) also holds for 
the group G . 
To complete the proof of the inductive step, suppose that n = 1 
and that p^ is a primitive root of q^ . Then by Theorem 5.26 we 
can construct G^ ^ = Tr(4, B^, C^] so that for each positive integer 
r dividing " 1 there is an automorphism of G^^^ of order r 
which acts non-trivially on G^ 1 ' 
Hence by induction the groups Gj^  ^  can be constructed and have 
properties (a)-(d) for every k and n . The final assertion of the 
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theorem is now a consequence of the manner of construction of the 
groups ' • 
5.28 Remark. It is easy to see that sequences of primes 
satisfying conditions (i) and (it) of Theorem 5.27 do exist. For 
example, take Pj_ " P2 ~ " • • " ^ > choose q^ to be any odd prime, 
and for n > 1 let q^ be a prime such that 2 is a primitive root 
of q^ (e.g. 3, 5, 11, 13, 29, ... ). 
Unfortunately it is still, as far as we know, an unsolved 
problem whether 2 (or any other prime) is a primitive root of 
infinitely many primes. For conjectures of Artin concerning this, 
and some evidence to support them, we refer to Shanks [36]. 
For our purposes, however, it is enough to know that there are 
at least two choices for q^ for each value of n in the above. 
This makes it possible to choose the primes so that 
'^ Q. Pi> P2' 
is not a periodic sequence. [We can also avoid the prime 2 by 
taking p^ = 3 and = 7 or 19 for every n .] We shall make 
use of this fact later. 
We can now establish the existence of quasi-radicable soluble 
groups satisfying Min-n of arbitrarily large derived (and nilpotent) 
lengths. 
5»29 THEOREM. For every ipositive integer d there is a quasi-
radioable soluble group of derived length d whose normal subgrovps 
form a chain of order type o) t 1 , consisting of the terms of the 
derived series and the subgroups containing the derived group. 
Moreover the derived series of each of these groups is also the 
shortest series with nilpotent factors. 
Ill 
Proof. Since all the above properties are inherited by non-
trivial homomorphic images, it is enough to exhibit a soluble group 
with these properties having derived length d , for every odd 
positive integer d > 3 . 
Suppose d = 2k + 1 , where /c > 1 , and let q^, q^ and 
Pi' ..., p^ be any two sequences of primes satisfying the conditions 
(i) and (ii) of Theorem 5.27. Let G = G. , the group associated 
with these sequences by Theorem 5,27 in the case n = °° . Then G 
has properties (a)-(d). 
By property (b) ^ G has derived length d . Also property (a) 
shows that the only normal subgroups of G are the terms of the 
derived series and the subgroups containing iJ' . As G/G' is a 
quasicyclic group (by property (d)), the latter subgroups form a 
chain of order type co + 1 , and so therefore do the normal subgroups 
of G . The fact that the derived series is the shortest series with 
nilpotent factors follows from (Q). • 
5.3 Locally Soluble Groups sat i s fy ing Min-n 
We next apply Theorem 5.27 to construct perfect locally soluble 
groups satisfying Min-n with similar properties to the group 
constructed by McLain [26]. 
5.31 THEOREM. Let q^, q^, q^, ... and p^, p^t ... be two 
infinite sequences of (not necessarily distinct) primes such that 
^ i = 1, 2, ... ^  
(ii) p^ is a primitive - root of q^ 3 for i = 1, 2, ... . 
There is a group G with the following properties: 
(a) G is a periodic locally soluble group, 
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(b) the normal subgroups of G form a well-ordered chain 
of order type oo + 1 ^ 
(a) G is perfect J 
^^^ ^^ elementary abelian q^-group^ for 
^ = 0, 1, 2, ... ^ and ^^^i'^ii-Y ^^ elementary abelian 
p^-group, for i = 1 , 2, ... . 
Before we prove this theorem it is convenient to state the 
following extremely simple lemma, with a corollary. Since the 
lemma is an almost immediate consequence of the definition of the 
treble product, we omit the proof. 
5.32 LEMMA, Let G be a group having subgroups 
=0 - <^ 1 - S - ••• 
suah that G = U G. ^ and suoh that for each i > 1 the subgroup 
i>Qi 
G^ is eo:pressible as a treble product 
G. = TrfG. , , S., C.] 
for certain subgroups B., C. of G . 
For each i > 0 ^ let X. be the set of elements of G 
% 
eccpressible in the form 
c. , c. ^ .., c . . 
where c. € C. for each j j and r > 1 . 
J J 
B. 
If N <\ G. for some i > 0 ^ and if N ^ < N whenever j > i ^ 'V 
then 
/ = Dr /l/^  . • 
% 
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5.33 COROLLARY, f/it/z the hypotheses of the lemma^ we have 
r^ G. = N . 1 
Proof of Corollary. Apply the lemma with B replaced by G. , 
and we obtain 
= Dr 
% 
where G* = Dr (f. . 
V 
Hence we have 
G. n = G. n Dr if 
^ 
< G. n [NxG'i] 
= N[G.nG*] , by the modular law, 
= N . 
Since the reverse inclusion is obvious, we have the result. • 
Proof of Theorem 5.31. For each positive integer k , let 
G. - G^  be the group associated with the sequences of primes K , 1 
, and p^, p^ by the construction of Theorem 5.27. 
Since p. is a primitive root of q. for every i > 1 , these groups 
can be constructed so that 
and 
Q 
G'l , = G.^^^ (2) 
for all -i > 1 . 
Let G = U G. be the direct limit of the ascending sequence 
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of groups (1). Then G is a union of finite soluble groups and is 
therefore periodic and locally soluble. Also (2) clearly implies 
that G is perfect. 
Define normal subgroups H^, H^, E^^ , ^  , of G by 
for -£ = 0,1, 2, .... By Lemma 5,32 there are subsets 
c c Zg e ... c G 
such that 
= Dr (f., 
^ 
H -- Dr (S^)^ . 
The subgroups H. clearly form an ascending chain 
such that 
Now 
E = U E. = G . 
% 
which is a direct product of groups isomorphic to • By 
Theorem 5.27, G./GK is a cyclic group of order q. . Hence 
E . JE^. is an elementary abelian c?.-group, for i = 0, 1, 2, 2^+1 
In view of equation (2) we have also 
E. . = G^. = (G'.'l^  2t-l ^-1 ^ -z-' 
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so that 
2^ 2^-l ^ ^ ' ^ 
which is a direct product of groups isomorphic to . Hence, by 
Theorem 5,27, ^^ elementary abelian p^-group, for 
each i > 1 , 
It remains to show that the subgroups H. are the only normal 
t-
subgroups of G . For each i > 0 , Theorem 5.27 shows that the only 
(7 ) normal subgroups of G. are the subgroups G. , where 0 S j S 2i+l t t 
By (2) these are precisely the subgroups 
G. G. 
for 0 < k < i , and by Corollary 5.33 we have 
Q 
and 
{O'S"- - [Oif n C, = H^^ n G. . 
Thus the only normal subgroups of G. are the subgroups H. n G. , "Z- J 
for J S 2i+l . 
Suppose now that N is any proper normal subgroup of G . Then 
there is an integer J > 0 such that 
H. ^ N (3) J 
but 
H. ^ ^ N . (4) J+1 ^ 
Suppose, if possible, that H. < N . Then for some integer k > j J 
we have 
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H. n G. < N n G. (5) 
J ^ ^ 
for a l l i > k . But N n G. G. , so there is an integer i ' ( i ) 
such that /I/ n = n , and (5) implies that > J + 1 , 
so we have 
for a l l i > k . Hence 
, r\ G. < I!! G. j+1 t ^ 
E = U E. n G. jH-1 j+1 ^ 
< U il/ n G. 
= iV , 
contradicting (H). Therefore N = H. and, since N was an arbitrary 
J 
proper normal subgroup of G , this completes the proof. D 
The group constructed by McLain also has properties (a)-(a) of 
Theorem 5.31. This group is a {2 , 3}-group and has, as we have 
already mentioned, only two isomorphism classes of non-tr iv ia l 
homomorphic images. The next result shows that Theorem 5.31 enables 
one to construct a large number of groups with properties ( a ) - ( o ) 
which are not isomorphic to McLain's group. 
5.34 THEOREM. There are 2 ° pairwise non-isomorphia ocimtable 
groups with properties (a)-(o) of Theorem 5.31. Among these groups 
there are 2^° Hopfian groups. 
Proof. Obviously two groups constructed using the procedure 
involved in the proof of Theorem 5.31 cannot be isomorphic unless 
they are both associated with the same two sequences of primes. 
Moreover any group constructed in this way is isomorphic to a proper 
factor-group i f and only i f the associated prime sequences 
••• and p^, p^, . . . are such that the alternating sequence 
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" ' ^^^ 
is periodic. 
Hence to show that there are (at least) 2 ° pairwise non-
isomorphic groups with properties (a)-(o) of Theorem 5.31 it is 
sufficient to prove that there are 2 ° distinct pairs of sequences 
of primes satisfying the conditions (i) and (ii) of Theorem 5.31. 
Moreover since only countably many such pairs of sequences can be 
such that the alternating sequence (1) is periodic, this would prove 
in addition the existence of 2 ° pairwise non-isomorphic Hopfian 
groups with properties (a)-(o). 
However we have already indicated in Remark 5.28 that by taking 
p . = 2 and q. = 3 or 5 for each i we obtain sequences satisfying 
t t 
(i) and (ii)-, and there are clearly 2 ° possible choices using these 
values. 
The groups obtained in this way are all countable, and since there 
are only 2 ° isomorphism classes of countable groups, the total 
number of countable groups with properties (a)-(Q) is precisely 2 
5.4 A Note on Treble Product Towers 
For the construction of the examples in Sections 5.2 and 5.3 we 
made use of a procedure for forming iterated treble products, relying 
on Lemma 2.43 to define automorphisms of the groups constructed at 
the successive stages of the iteration. A different iterative 
procedure is used by Heineken and Wilson in [13] for constructing 
treble product towers, which they use to produce examples of torsion-
free locally soluble groups satisfying Min-w . In this section we 
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give a brief description of the treble product tower, and compare the 
iterative procedure used for its construction with that we have used 
for constructing our examples. 
The data for the construction of the treble product tower 
consists of a family of groups 
: 0 < a < p} , 
indexed by some ordinal p , and a homomorphism 
for each ordinal O with 1 5 a+1 < p . To simplify our description, 
however, we assume that p = u> , since this is the case of most interest 
to us. In this case the treble product tower 
Trt(i4^  : 0 5 n < oo) 
of the groups A^, A^, A^, ... may be constructed from the above 
and 
data as follows. 
We first define two sequences of groups K^, K^, ... 
L^i L^, L^, ... and a sequence of homomorphisms 
4). : ^ . ^ Aut L. (i = 0, 1, 2, .. .) 
such that, for each i > 0 , K. is a split extension "Xf 
h - h-1 J ^i-i • 
We start by taking K ^ - A ^ ^ ^O " ^ defining (t)^  to be the 
unique homomorphism A^ ->• Aut L^ . Assuming inductively that the 
groups K^, L^ and the homomorphism have been constructed 
for 1 < i < n , we define 
Then K^ is a subgroup of J '^ n+l ^^ ^ split extension 
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of the subgroup 
K A 
= L "".A ^ n n-1 n-1 
by the group A^ . We set 
L = Z n n 
and define (j) : A Aut L to be the homomorphism for which we n n n 
have K L ] A . n+1 n , n 
In this way the groups K. are defined for each positive integer 
i and form an ascending chain 
5 - - • • • • 
The treble product tower Trt [A^ : 0 < n < co) of the groups 
A^i A^i A^, ... is defined to be the direct limit 
U K 
n>l ^ 
of the groups K. . 
From this description it is clear that the iterative procedure 
used to define the treble product tower is different from that we 
used to construct our examples. 
In applying the treble product tower construction to construct 
torsion-free locally soluble groups satisfying Min-n , Heineken and 
Wilson take each of the groups A. to be a torsiop-free divisible u 
abelian group and define hoitiomorphisms 
e. , A. ^  ^  hiX A. ^+l t+1 •z-
so that, for each i , becomes a faithful irreducible 
module. Moreover this is done in such a way that, for each i , the 
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treble product 
h - "i.l-
T. 
has the property that the normal closure A. is a minimal normal 
subgroup of T. , for each i . From this they deduce that every 
Lf 
proper normal subgroup of the treble product tower 
G - Trt U : 0 5 n < co) has the form , where the groups K. are Tt Lf 
defined as above. 
Unfortunately we cannot, on the basis of the results we have 
proved, use the treble product tower in this way for the construction 
of periodic locally soluble groups of the type considered in section 
5.3. The reason for this is that Lemma 5.11 is applicable only to 
Qyolio minimal normal subgroups (see the example immediately following 
Lemma 5.11). Hence in order to invoke this lemma to prove that each T. of the treble products T. defined above has the subgroup A. as a 
minimal normal subgroup, we should need to take each of the groups 
A. to be a cyclic group. If in addition A. is to be a faithful 
irreducible A. -module for each i , then A. must have prime 
order, p. say, for each i , and the primes p. must satisfy 
P Ul p,-l , for each i , since jAut A.\ = p. - 1 . However this 
implies that 
Pi > P2 > P3 ^ ••• ' 
which is clearly impossible. 
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